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f^ , Abstract. In this work, we are concerned with the regularities of the solutions to Boltz- 

^\1 . mann equation with the physical collision kernels for the full range of intermolecular repulsive 

potentials, r~^^~^' with p > 2. We give the new and constructive upper and lower bounds 
for the collision operator in terms of standard fractional Sobolev norm. As an application, 
we prove that the strong solutions obtained by Desvillettes & Mouhot [30] to homoge- 
^SJ ' neous Boltzmann equation and classical solutions obtained by Gressman- Strain [361 137| or 

CN| ■ Alexandre-Morimoto-Ukai-Xu-Yang [9] [11] for the inhomogeneous Boltzmann equation be- 

come immediately smooth with respect to all variables. And as another application, we 
obtain the global entropy dissipation estimate which is a little stronger than the one of 
Alexandre-Desvillettes- Villani- Wennberg [5] . 
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1. Introduction 

In the present work, we continue the study on the smoothness of the solutions to the 
Boltzmann equation with the collision kernels for the inverse intermolecular potentials r^^^^^' 
with p > 2. It is well known that the Boltzmann equation is a fundamental equation in 
statistical physics. The readers can refer to [211 [22] [^2] [5Tj and the references therein for the 
physical background of the equation and also for the mathematical theories for this equation. 
Mathematically, the Boltmzann equation reads: 

(1.1) dtf + vV,f = Q{fJ), 

where f{t,x,v) > is the (spatially periodic) distribution function in the phase space of 
collision particles which at time t > and point x £ T = [— 7r,7r]^ move with velocity 
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t; G M . The Boltzmann collision operator Q is a bilinear operator which acts only on the 
velocity variables v, that is, 

Q{aJ){v) = / / B{v -v^,a){gif' - g^f)dadv^. 

Here we use the standard shorthand / = f{v), g* = g{v*), f = f{v'), g^ = g{vl) where v', 
vl are given by 

(1.2) V = h -a , v' = -a , a £ SS . 

\ J 2 2 2 2 

We stress that the representation follows the parametrization of the set of solutions of the 
physical law of elastic collision: 

v + v^ = v' + vl, 

I |2 I I |2 I /|2 I I /|2 

\v\ + |f*| = \v \ + \vj . 

The nonnegative function B(v — f*,o") in the collision operator is called the Boltzmann 
collision kernel. It is always assumed to depend only on It" — u=k| and ( i^I^* ! ,cr). Usually, we 

introduce the angle variable 9 through cosO = ( i""^*, ,17). Without loss of generality, we may 
assume that B{v — V:^,a) is supported in the set < < ^ , i.e, ( |^I^*| ,cr) > 0, for otherwise 
B can be replaced by its symmetrized form: 

B{v - v^,a) = [B{v - v^,a) + B{v - v^^-a)]!, v-v, >>„. 

Above, \a is the characteristic function of the set A. The typical example we have in mind is 
the case that the interaction potential obeys the inverse repulsive potential which takes the 
form of 

<^(r) =r-^P-^\ 

According to these potentials, in this paper, we consider the collision kernel satisfying the 
following assumptions: 
Assumption A 

• The cross-section B{v — v^,a) takes a product form as 

(1.3) B{v - v^, a) = <^{\v - v^\)b{cos 9), 

where both $ and b are nonnegative functions. 

• The angular function b{t) is not locally integrable and it satisfies 

(1.4) KQ-^-'^' < sin6l6(cos6l) < R-'^O''^-'^' , with < s < 1, K > 0. 

• The kinetic factor ^ takes the form 

(1.5) ^{\v - v^\) = \v - V:,\'^ , 
where the parameter 7 verifies that 7 + 2s > —1. 

We remark that for inverse repulsive potential, there holds that 7 = ^^ and s = —^. 
It is easy to check that 7 + 4s = 1 which gives the sense of the assumption 7 + 2s > —1. 
Generally, the case 7 > 0, 7 = 0, and 7 < correspond to so-called hard, maxwellian, and 
soft potentials. 

There are lots of literatures on the well-posedness problem of the Boltzmann equation, and 
we will start off by mentioning a brief few. As for the case of Grad's angular cut-off, in 1989, 
DiPerna and Lions [31] proved the celebrated result: the global existence of renormalized 
solution to the inhomogeneous Boltzmann equation with arbitrary initial data. Thanks to 
this breakthrough, based on the new definition of weak solution, the hydrodynamic limit 
from Boltzmann equation to the equations of fluid mechanics can be considered afterwards, 
see [Ml HH US] . Another direction to obtain the global solution is due to the work by Guo 
[391 [40] and Liu- Yang- Yu [46] who introduce the nonlinear energy method to construct the 
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classical solutions near the equilibrium. We point out that their approach relies heavily on 
the analysis of the linearized Boltzmann operator. 

As for the non cut-off theory which means physically relevant effects of the angular sin- 
gularities are considered, it has been made big progress in these years, see ^. In 1995, 
Desvillettes in [26] first showed that the solution of the spatially homogeneous non cut-off 
Kac equation becomes very regular with respect to the velocity variable as soon as the time is 
strictly positive. This testified the conjecture that when the cross section is concentrating on 
the grazing collisions, the nonlinear collision operator should behave like a fractional Lapla- 
cian in the velocity variable v, see \25 \ 1351 H9] . Later on, Alexandre in [3] formally showed 
that the smoothness estimates could indeed be deduced from the entropy dissipation D{g, f) 
defined as 

Dig,f) = - / B{\v -v^,a){g^f' - g^f)\ogfdadvdv^. 
Lions in [43j proved a functional inequality of the form 

llv7ll^.(H<R)<C7«ll/llii(ll/llLi+I?(/,/))^~'' 

for a < s. Shortly after, the optimal Sobolev exponent s was achieved by Villani [50] and 
Alexandre [5j but at the price that solution is required to be locally bounded below. In 2000, 
the work of Alexandre-Desvillettes- Villani- Wennberg [5] showed that usual estimate on the 
entropy dissipation automatically entails regularization effects: 

(1-6) \\v^\\h{\v\<R) < Cg,R[D{gJ) + ||5||Li(K3)||/||ii(jR3)]. 

which indicates that for a given g £ Ll, the Boltzmann operator behaves as: 

(1.7) Q{gJ) = -Cg(-A)V + lower order terms. 

Moreover, two basic formula such as the cancellation lemma and sub-elliptic coercivity esti- 
mates are also given there. Thanks to this breakthrough, Alexandre- Villani in [13', 14] first 
generalized the renormalized solution with defect measure for Boltzmann equation with long- 
range interaction and then gave the rigorously justification to the Landau approximation. 
Another application of the basic tools is to demonstrate the smoothing effect of the classi- 
cal solutions to the spatially homogeneous Boltzmann equation with regularized potentials 
[281 148| [T2| 141] . We mention that smoothing behavior is radically different from that of the 
Boltzmann equation with angular cutoff (see for example [271 [32] and the references therein 
for precise statements). In this last case, propagation of regularity as well as singularities (in 
the variable v) occurs, thanks to the properties of the positive part of Boltzmann operator 
(Cf. [52], [17] and [IZ]). In 2009, Desvillettes and Mouhot in [30] proved some a priori es- 
timates for the stability and uniqueness for spatial homogeneous Boltzmann equation with 
long-range interaction, and they also showed the existence for moderate angular singularities. 
Recently, Alexandre-Morimoto-Ukai-Xu-Yang [7] introduced the pseudo-differential opera- 
tor and harmonic analysis to build so-called uncertainty principle to study the hypoellipticity 
of the kinetic equation. And as the application, they showed the regularizing effects for the 
linearized Boltzmann equation with non cut-off and linearized Landau equation. Later on, 
in [8], for the modified kinetic factor, that is, 

mv\) = {i + \v\^)'2, 

based on the pseudo-differential calculus and generalized Bobylev formula(see [IS]), they 
developed the methods to sharpen the upper bound estimate for the Boltzmann collision 
operator (see also [H [S] ) which helped them not only to establish the local existence theory 
for the non cut-off inhomogeneous Boltzmann equation with arbitrary initial data and but 
also to prove the instantaneous smoothness of the solutions. More recently, Gressman- Strain 
[36l [37t [38] and Alexandre-Morimoto-Ukai-Xu-Yang [9l [101 E] independently established 
the global existence of the classical solutions to the Boltzmann equation with long-range of 
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inverse power intermolecular potentials, r~P+^ with p > 2 when the initial data are close to 
the equilibrium. Both of the methods rely on the estimate for the linearized collision operator. 
Let us give some comments on the work of the coercive estimate. In [36], the authors showed 
that at the linearized level, the collision operator can be regarded as a fractional Laplacian 
on a manifold and this manifold depends in an essential way on the collision geometry. More 
recently, in [38], they provide sharp constructive upper and lower bound estimates for the 
Boltzmann collision operator. It is shown that under the assumption of high regularity and 
sufficiently rapid growth of the weight at infinity on the function g, there holds that 

(1.8) Cl\\f\\%^^^<-{Q{gJ)JU + \\f\\h<C'^\\f\\%s,-,, 



f 



with 
and 

|2 



2 def II j.||2 , II j.||2 



N"'^ — II/IIl2^., + 



7+2s 



N''''y 



^2 



d{v',vy 
Here the non-isotropic metric d{v,v') is defined on the "lifted" paraboloid: 



^-- = L«(^^^^^'^) ' M„>„^3-,2s Mv',v)<ldvdv'. 



d{v,v') = \\v — v'\'^ + -{\v\'^ — \v'\'^y. 



Moreover, under the same assumption, they prove the global entropy production estimates 
which is 

(1-9) D{g,f)>\\^\\%^^^-Cl\\fh^. 

We remark that the norm of N^''^ is a semi-norm. While in the work of Alexandre- Morimoto- 
Ukai-Xu-Yang [91, flO], they gave another way to understand the coercivity of the collision 
operator. Precisely, in contrast to [5j, they regarded the quantity 

\v — v^,pb{cos9)e 2 (^f — f"j dadvdv.^ 

as the new norm instead of standard fractional Sobolev norm to bound the linearized Boltz- 
mann operator. This is key point to construct the global classical solutions of the Boltzmann 
equation when the initial data are near equilibrium. 

In the present work, we are going to investigate the regularities of the solutions to both 
homogeneous and inhomogeneous Boltzmann equation with the physical collision kernels for 
the full range of intermolecular repulsive potentials. It can be viewed as a continuation of 
the recent work |^3] where they demonstrated the C°° regularizing effect for the full Landau 
equation. As we known, the main difficulty to prove the smoothing effect for the nonlinear 
Boltzmann equation comes from the upper and lower bound for the collision operator. The 
main reason lies in the fact that the Boltzmann operator only involves singular integral 
behaving like a fractional differential operator but no explicit derivative or pseudo-differential 
operator occurs. 

To overcome the difficulty, motivated by the collision geometry and the standard Littlewood- 
Paley decomposition, we carry out the new strategy to bound the dual form {Q{g,h), f)^. 
Roughly speaking, in contrast to the previous work [8], by denoting Q = {v)^^g,'H = {v)^'^h 
and F = {v)^^f, we first transform {Q{g,h), f)^ to the new functional {Q{Q ,%) , F) y . The 
most convenience of the transformation is that the new factors {v^:)~^ , {v)~ '^ and {v')~^ 
which are inside the new functional will absorb the weight coming from the cross-section. 
Thanks to this design, now we can apply the Littlewood-Paley decomposition to the func- 
tions Ti and J- to make full use of the cancellation between the different frequency part of 
them. Combined with the Bernstein's inequality and the proper cut off for the angular, the 



(1.10) liy7(^)^llH^(M3. < C,[D{gJ) + (\\g\\LURl)+^ 
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upper bound estimate in terms of standard fractional Sobolev norm for the functional is fi- 
nally obtained which also implies the upper bound for the collision operator by duality. One 
may check the details in section 2. 

Another contribution of the paper lies in the new estimation for the coercivity of the 
Boltzmann collision operator. We show that for the non Maxwellian potentials, the global 
sub-elliptic estimate with some weight can be obtained. Roughly, if 7 + 2s > and 7 < 2, 
the estimate for regularizing effect ()1.6p can be improved as: 

While for the case of 7 -|- 2s < 0, the similar estimate as (|1.1U|) still can be obtained but 
at the cost that we have to impose the condition of high integrability (for instance, L2+" 
with (5 > 0) on the function g which is also observed for the estimate to collision operator 
(one may check the corresponding theorems for details). We remark that the critical value 
7 = —2s corresponds to the threshold below which there is no spectral gap for the linearized 
Boltzmann operator. We also point out that comparing to the estimate (11.90 . we only use 
the conserved quantities of Boltzmann equation to capture the smoothing effect in (ll.lOp in 
the case of 7 -|- 2s > 0. One may check the corresponding section for details. 

With in hand the upper and lower bound for the collision operator, now we are in a position 
to state our main results. The first one is concerned with the spatial homogeneous Boltzmann 
equation which means the distribution function does not depend on the spatial variables, i.e, 

dtf = Q{f,f). 

Theorem 1.1. Let the collision kernel B[\v — v^\,a) verify the assumption A, and f be 
the unique solution of the homogeneous Boltzmann equation satisfying the infinite moment 
estimates, that is, for any I £ M^, 

(1-11) II/('^)'IIl»([o,oo);L1(r3)) <oO' ^/ 7 + 2s > 0; 

or 

(1-12) II/(^^)'IIl-([o,oo);L2(rS)) < oO' i/ 7 + 2s < 0. 

Then for all tg > 0, the solution f lies in L°°{[tQ,oo);S) . 

Remark 1.1. Noting the global existence result (for the case of^ + 2s > 0) and local existence 
result (for the case 0/ 7 -|- 2s < 0) for moderate angular singularity (which means s < 2) by 
Desvillettes-Mouhot [30], it shows that the result of the Theorem \l.l\ is not empty. Actually, 
following the proof of the Theorem \1.1\ we can show that the regularity of the strong solution 
constructed in Theorem 1.3 by Desvillettes-Mouhot [30] can be propagated which implies that 
the strong solution is exactly the classical solution when we impose the regularity on the initial 
datum. 

Remark 1.2. To our knowledge, it is the first time to prove the smoothing effect of the 
homogeneous Boltzmann equation for the "true" hard potentials and "true" moderately soft 
potentials. We also mention that the assumption ()1.12p for the case of'y + 2s can be weakened 
by 

(1-13) ll/(^/ll.o..n^v.4..3. <oo, z/ 7 + 2s<0. 



'L°°([0,oo);L3( 

The main reason lies in the upper and lower bounds for the Boltzmann collision operator. 
We omit the details here and one may check the corresponding parts in Section 4- 

Let us give some comments on the difference between our result with the previous work 
[281 HSj [T2t UIj . In their work, they actually deal with the case of modified kinetic factor $ 
which usually takes the form of (1 -|- \v — v*p)2. We stress out that this mollification plays 
the key role in the proof to the smoothing effect of the homogeneous Boltzmann equation. 
In fact, it will bring them both upper and lower bounds for the collision operator. For the 
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upper bound, the mollification makes it possible to use integration by parts with respect to 
v^. Roughly speaking, by Bobylev's formula, one has 



-AQ{g,h){0 



9{r + e*)/(e+ - e*) - m*)fic - e*) 



141 



where ^~^ = i > C = 1 • Observing the fact 



2 '"^ ~ 2 

|2 _ It e |2 



and 

one may expect that the derivative required for g can be transferred to the kinetic factor ^ 
which leads to the optimal upper bound for the collision operator, that is, 

\\Q{f,9)\\H-<\\f\\L^^ , Mh-^^' ■ 

^ N++(j+2s)+ '"(jv+7+2s) + 

While for the lower bound, thanks to the inequality 

{vy<{v-v,y{v.)\^^, 

the coercivity estimate of the collision operator for the case of hard potentials and soft 
potentials can be concluded to the case of Maxwellian potential. Thus the lower bound for 
the Boltzmann operator can be easily obtained due to the work by Alexandre-Desvillettes- 
Villani-Wennberg [5]. Since now the collision kernel only verifies the assumption A, one has 
to find another approach to give the estimates to the upper and lower bound for the collision 
operator. And these are exactly what we do in this paper. 

For the inhomogeneous Boltzmann equation, to achieve our goal, we still have to bypass the 
problem how to get the regularity with respect to x, v. Thanks to the upper bound estimate 
for the collision operator, we show that Q{g,f) belongs to the space Ll^{H~^). This means 
the hypo-elliptic estimate in [16] for the kinetic equation can be applied. One may treat 
the Boltzmann equation as Alexandre-Morimoto-Ukai-Xu-Yang done in [7] by employing the 
generalized uncertainty principle. Here we opt for another approach which mainly comes 
from the work |24j : once the fractional derivatives (with respect to x) are gained, to avoid 
estimating the commutator, one may continue to perform the energy estimates (and the 
estimates based on the averaging lemmas) for weighted finite differences of derivatives of /. 
By iteration, we finally can obtain the full one derivative with respect to x and v. One has 

Theorem 1.2. Let the collision kernel B{\v — f*|,o") verifies the assumption A, and f be 
the unique classical solution of the inhomogeneous Boltzmann equation satisfying that for any 

I gm+, 

(1-14) ll/(^^>^llL-([0,oo);f/5J <00, 

and there exists a universal constant Ci and Cu such that for any x £ T , 
(1.15) < Q < ||/||ii(K3) < a < oo. 

Then the solution f lies in M^°°'°°([to,oo); ff:^^ ) for all to > 0. 

Let 11 = — ^e"'''' be the normalized Maxwillian and F = F(t,x,v) be the standard 

perturbation with respect to fx as 

f = fx + ^F. 
Then by Theorem 1 of [37], we get for any / > and any integer A^ > 5, 

\\f{t){vY\\H«<Cl + C2\\Fo{vY\\HN, 
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where Ci, C2 depends on / and the constants appeared in Theorem 1 of |37j. Moreover, simple 
calculation gives that for any x € T , 

II/^IIli{r3) - II-^IIl°°II\//^IIli(r3) < ||/|Ili(k3) < ||At||ii(ffi3) + ||i^||L=°||^//i|lLi(iR3)- 

Choose IJi^'IlL"" small enough and then we can obtain the estimate ()1.15p which implies that 
the Theorem 11.21 can be applied to the solutions constructed by Gressman-Strain [36l ETj or 
Alexandre-Morimoto-Ukai-Xu-Yang [9l [TT] for the inhomogeneous Boltzmann equation. 

The rest of the paper will be organized as follows. First of all, in section 2, we will 
use Littlewood-Paley analysis to study the upper bound estimate for the collision operator. 
Moreover, the estimate for the commutator between weight and Boltzmann operator is also 
given there. In section 3, we will give the proof to the improved coercivity estimate of the 
collision operator. Then in next two sections, the regularizing effect for homogeneous and 
inhomogeneous Boltzmann equation will be proven under the initial regularity assumption on 
the solution. In the appendix, we shall give the proof to some useful interpolation inequality. 

Let us complete this section by the function spaces and notations, which we shall use 
throughout the paper. For notational simplicity, we omit the integrating domains T and 
M , which correspond to variables x and variable v respectively. For example, we write L^^ 
instead of L^(T^; L^(M^)). For integer A^ > 0, we define the Sobolev space 

H^^, = [f{x,v): Y. l|5X^/llLi.„<+°°|' 
and for integer A^ > and real number / > 0, we define the weighted Sobolev space 

|a| + |/3|<Ar -" 

where the multi- index a = (01,02,03), |o| = oi + 02 + "3 and 9" = d"^d"^d"'^ with 
X = {xi,X2,x^), and {v) = (1 + |fp)2. The notations for /3 are the same. It is obvious that 
Hx,i) = H^^. We also define H"^^ and H'^^i by 

TTOO _ r\ TtN TTOO,l _ P) TtN,1 

N>0 N>Q 

We also introduce the standard notations 

1 



\lI = [ \f{v)\'{vrdvy, ||/||LlogL=/ /log(l + /)d^, 

and 

\Hf = wfivnus. 



a < 6, we mean that there is a uniform constant C, which may be different on different lines, 
such that a < Cb. a ~ 6 if both a <b and b < a. 

2. Upper bound on the collision operator 

In this section, we shall give the upper bound estimate for the collision operator. Our main 
motivation comes from the singularity of the cross-section and collision geometry which allow 
us to apply Littlewood-Paley analysis to the boundedness of the collision operator in terms 
of weighted fractional Sobolev spaces. It is one of the key steps to prove the smoothing effect 
of the non cut-off Boltzmann equation. We remark that the variables (t, x) are considered as 
parameter for the all the estimates in this section. 

Theorem 2.1. Let < s < 1 and N2, N3 e M. Suppose Ni = | ^"2! + I A'sl and Ni = N2 + N^ 
with Ni > 'J + 2s. Then for nonnegative and smooth functions g, h and f , there hold 
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(1) tf^ + 2s>0, 

(2-16) \{Qig,h),f)^\ < ||5|Ilj^^(r3)||/i|Ih^^(m3)||/||^^^(]k3); 

(2) */7 + 2s<0, 

(2.17) \{Q(.g,h),fU < (||9|Il],^(r3) + \\g\\j J\\h\\Hf,^iRl)\\f\\Hf,^iRly 



Let us give some comments on the main result of the theorem. First of all, ()2.16p and 
()2.17p can be regarded as another proof to the fact that the Boltzmann operator takes the 
form of ()1.7p . Secondly, we stress that the weight in v comes not only from the kinetic factor 
$ but also from the integration with respect to the angular. Thirdly, in the case of 7 + 2s < 0, 

3 

the additional L2 bound for the function g results from the strong singularity caused by the 
kinetic factor <I>. Fourthly, by duality, one may take A^3 = to obtain the upper bound for 
the collision operator which will be very useful in the next section. Last we would point out 
that our proof relies only on the trick of change of variables and cancellation lemma. 

Proof of the Theorem 12. It By change of variables, one may obtain 

{Q{9,h),f)^ = dv dv^ B{v -v^,a)g^h{f' - f)da 

jr3 jk3 Jss^ 

dv [ dv, [ B{v-v,,a){v,)-^^vy^^{v,f'g,){{v)^'h) 

3 Jm3 Js52 

Set Q = {v)^^g,'H = {v)^'^h and F = {v)^'^f. Then we can rewrite the above equality as 

dv I dv, I B{v - v„a){v,)-^^v)-^'g,n{{v')-^^F' - {v)-^-'T)da 
3 Jr3 Jss^ 

# {Q{g,n),T),. 

In the following analysis, we will turn our attention to the new defined functional involving 
the Boltzmann collision operator. Let us give some comments on the new defined functional. 
It will bring us two convenience: the first one is that the weight inside the integration will 
absorb the polynomial of |i; — u^,| which probably comes from the cross-section; the second 
one is that we can use the Littlewood-Paley decomposition for the functions Ti and J^ which 
is key for the upper bound estimates. 

Set B =^ {e G M^ lel < 5} and C =^ {^ G M^ | < \^\ < §}. In view of Littlewood-Paley 
decomposition, one may introduce two cut off functions (p G C^{B) and (p £ C^(C) which 
satisfy 

i>o 

We denote h = T^^Lp and h = F^'^cj), then the dyadic operators Aj can be defined as 
follows 



A,/ = 2"^ f h{2^y)f{x - y)dy, for j > 0. 
A_i/= / h{y)f{x-y)dy. 



Then the new defined functional can be presented as 

(2.18) {Q{G,n),F), = Y,{Q{g,nk),F,), + Y,{Q{g,-Hj),Fk),, 

j<k j<k 
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where T-L^ = ^fe^ a-^d J-j = Aj T . Now we will perforin the estimate for the Boltzmann 
collision operator. Since the proof is a little bit longer, we shall divide it into two steps. 

Step 1: Frequency dominated by the function Ji. We first treat with the case that 
the frequency of function 7^^ prevails over the one of the function Tj which means j < k. 
Introduce the smooth function (j) defined as before, set (pj^w) = 4>{2^w) and one has that 



{Qig,nk),J'j), = Y,Tu 



i=l 



where 

dcf 



f dv I dv, I B{v - v,,a){v,)-^^vy^^g,'Hk[l - (t)j{\v - v'\ 



def 



and 



Ts =^ dv dv, B{v-v„a){v,)-^'{v)-^'g,nk 

l2-.|.-.,|-i>cf ((«')~^^-^- - {v)-'''T,)da. 

We remark that the above decomposition comes from the collision geometry and the sin- 
gularity caused by the angular. 

To overcome the strong singularity caused by the collision kernel, motivated by the cance- 
lation lemma, we shall use standard Taylor expansion. Precisely, let 

(2.19) ¥j = {vy^^Fj, 
then one has 

(2.20) ¥j{v') - ¥j{v) = {v' - v) ■ Vy¥j[v) + / {v - v) ® {v' - v) : Vl¥{-i{Hi))dK, 

Jo 

where 7(k) = nv' + (1 — k)v. 

We stress that we only give the proof to the estimate in the case of s > 2 and one may 
follow the same procedure to prove the case of s < g- 

Lemma 2.1. 7/7 + 2s > 0, there holds 

(2-21) I Til < 2 ■'''||^||Ll(]K3)||?^fc||^2(K3)||J'j||^2(R3), 

and if J + 2s <0, there holds 

(2-22) I Til < 2'^^%\\g\\^i^^3^ + 11^11^3 ^j^3ppfc|lL2(B;3)||-Fj||j^2(IB;3). 

Proof: Ti can be split into two parts Ti^i and ri^2 which separately contain the term in the 
righthand side of ([230]) . Notice that 

bi{^^^,a))iv-v')cl>,i\v-v'\)da 
5S2 \V-V,\ 

b{{- -,a))- jT ■ Av - V \<j)j{\v - V \)- rda 

ss2 \v — v,\ \v — v'\ \v — v,\ \v — v,\ 

-I / V — Vf. \ 

6((f^, a))( t!!d_)0.(|^ _ y'\)da{v - v,) 

SS2 \v-v,\ 2 
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SO \'v—v 
mce sm ^^ = -i^ 



■, one may obtain that 

V — v^ 



h{{—^,a)){v-v')ct>,{\v-v'\)da\ 



< 



< 



- — Y^ ~2 ^\v—v,\ 

q1-2s 






w - f* 







7|t; — v^\ 

<{2-^v-vA~^f-^'\v-vA. 
Observing that \v — f^,| ~ |f* — v'\ ~ |f^, — 7(k)|, we may deduce that there holds 

(2.23) (^*>-^M^)-^^(7('^))'^^ < (^* -7('^))-^^ 

The reader may check it directly by the definition of A^^i and A^^i. 
Then 



|ri, 



dv dv^ B{v-v^,a){v^)-^''{v)-^'gMk(l)j{\v-v'\) 

Jr^ Jss^ 

l2-j>-i,.|-i<cf («' - v) ■ Vv¥j{v)da 
< [ dv I dv,{2~^v-v,\-'^)'^-'^'\v-v,\^+\v-v,)-^'g,\nk\{\Tj\ + \V^Tj\ 

where we use the fact that 2~^\v — f*|~^ < Cj and 

(2.24) |V,F,(t-)| < {v)-''H\:F,\ + |V,j;-|). 

For the case of 7 + 2s > 0, one may take A^i > 7 + 2s and get 

Tl,! < 22^''2~^||a||^l(jj3)||^fc|lL2(K3)(||J'j||^2(lg>3) + ||Vt,J'j||^2(K3)) 
< 22-'''||^||^i(]g.3)||^fe||i2m3jJ'j||i2( 



Here we use the Berstein's inequality. 

For the case of —1 < 7 + 2s < 0, one may take A'^i > — 17 + 2s| and obtain the similar 
estimate 

ri,i < [ dv f dv,2~^2^J'{l + \v-v,p+^n\,^,^\^^)g,\nk\{\Tj\ + \V,T,\) 
Jr^ Jr^ 



< 2^-(||a||,.(M3)+||g||^3^^3JP.II 



^5(K^);il^fc|lL2(R2)ll-^illi2{KS)- 



Next, we focus on the estimate for ri^2- Notice 

ri,2 < [ dK [ dv [ dv, [ Biv-v,,a){v,)-^^v)-^^g,\nk\^ji\v-v'\) 
Jo Jr^ Jr^ Jss^ 

h-j\v-v,.\--^<c^\v' - v\'^\Vl¥j{-/{K))\da. 
Note that 

(2.25) \Vl¥,{v)\ < {vy''--^{\T,\ + |V,J-,| + \VlTj\). 

Then by Cauchy-Schwartz inequality, it suffices to bound the quantities 



/ 



def 



dK dv dv, / B{v — v,,a){v,) ^^(u) ^^g*(pj{\v — v'\ 
Jr^ Jr^ Jss^ 

2 

l2-^v-v,\-^<c^Jv'-v\^{j{>,)y'''^{Y,\K^M^))\?da 

1=0 
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and 



// 



def 



dn dv I dv^: / B{v — v^:,a){v^) ^^(u) ^^Q^:4>j{\v — v'\ 
l2-j>-«,|-i<cf b' - v\^{-i{K))-^'^\Hk?d(j 



Next we follow the well-known change of variables u = 7(1) = nv' + {1 — k)v, which changes 
V to u. Thanks to the fact that the Jacobian is 



(2.26) 
one has 



dUr. 



dVr, 






I ^ dn du dw* / B{v — v^:,a){v^: — u) ^Qt,{\J^j{u)\ + \'VvJ^jiu)\ 

Jo Jm.^ Jr^ Jss'^ 

+ \'^l^j{u)\f'i-2-j\u-v,\-^<c^4>j{\v - v'\)\v' - vfda, 



where we use (j2.23p . Due to the fact that 
(2.27) 



\v'-v\^ 



f — u* 



< 



M — W* 



2 

1 / V~Vt ^\ 



one may arrive at 

I < [ du I dv^\v^ - u\^+^{v, - uy^'g,{\Tj{u)\ + |v„j-j( 



u 



1 / V — Vf \ 

+|V2j-,(n)|)2l2-.|._„,|-i<,5 / 6((^i^,a)) ^^!;d_^^.(|^_^'|)da. 



Noting that 



5S2 \v-v^\ 



b{{^^-^,a))'-^^^^^^,{\v-v'\)da 



SS2 \v-v^\ 



< 



\V — V:^ I ' 



b{{] T) ^)) :; dcr 



-<2-J|m-i)* 



V — V* 



< / fll-2s 



l\2-2s 



we get 



de<{2-~^\u-v,\-') 



I < 2-2j'22iM du dv,\v,-u\^+^'{v,-u)-^^g,i\J^j{u)\ + \V^J^j{u) 
+|V2j-,(n)|)2, 



J ^ c\2isc\—2']\\p\\ 1177 ||2 

J ri ^ ^ \\y\\jAm'^\\\-'3\\ll-i{^i^y 



which implies that for the case of 7 + 2s > and A^i > 7 + 2s 
and for the case of 7 + 2s < and A^^i > — 17 + 2s|, 

/ < 22^-^2-2^-(||g||,.(^3) + ||g||^3^^3))ll-^.ll?,.(M3)- 

The similar estimate can be applied to // and it gives that for the case of 7 + 2s > 0, 

// < 22j^2-2j||g||^ ||^^||2 
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and for the case of 7 + 2s < 0, 

Then the fact Fi 2 < 1 2 II 2 and the Berstein's inequahty lead to the estimate for 
is exactly as the same as the case of Fi^i. We complete the proof to the Lemma. 



Lemma 2.2. 7/7 + 2s > 0, there holds 

(2-28) |r2| < 22^'*||^||^l(]j3)||?^fc|lL2(R3)||J'j||^2(R3), 

and i/ 7 + 2s < 0, there holds 

(2.29) |r2| < 22^-^(||g||^,(K3) + \\g\\^s^^,J\nkh,^^sJTjh2 

Proof: Due to the cut-off function (pj, it is easy to check that there is no singularity caused 
by the collision kernel. Then one may estimate r2 directly and we only present the proof to 
bound the quantity 

r2,i =^ f dv I dv, I Biv-v„a){v,y^^v)-^^g,nk[l-cPj{\v-v'\)] 
jir3 jir3 Jss^ 

h-i\v-v,\-i<c^{v')''^''J^jd<7, 
By Cauchy-Schwartz inequality, it can be reduced to bound 

III =^ [ dv [ dv, [ B{v-v,,a){v,)-^^v)-^^g,nl[l-(l>j{\v-v'\)] 

h-j\v-v,\-i<cf{v')~^''da, 
and 

IV =^ [ dv [ dv, [ B{v-v„a){v,)-^^v)-^^g4l-^j{\v-v'\)] 

We choose to bound the quantity IV since it is a little more complicated than ///. Fixed 
o" and v^,, we perform the change of variables v ^ v' and by a direct calculation, its Jacobian 
determinant is g(l + ( ZZy*\ j^)) which corresponds to the case k = 1 in (I2.26[) . From which 
together with (j2.23p . we arrive at 

V — V^: 



Noting that 



one has 



Jss^ \v-v^\ 



f 1) — 1) 

Jss2 \v-v^\ I I - 4 

Mu — t;* -^o—tI / i_i *-' ^^ 
' ^ ' >2-3\v'-V:,\-^ I ^1 

< /' 9~'-^'d9<{2~^\v'-v,\-Y'', 



IV < 2"^' [ dv' [ dv,\v,-v'\^+^'{v,-v')-^'g,\r/. 

Jr3 JJJ3 
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When 7 + 2s > 0, there holds 

IV <'^^^'\\G\\L^Rl)\\^j\\l2(^^3y 
Wh.ile 7 + 2s < 0, we obtain that 

The fact that |r2,i| < III2IV2 iniphes r2,i enjoys the same estimate as in the Lemma and 
it is enough to show that the Lemma also holds true. ■ 

Lemma 2.3. 1/7 + 2s > 0, there holds 

(2-30) iLsl < 2^^'*||a||il(R3)||^fc|lL2(K3)||J'j||i2(R3), 

and i/ 7 + 2s < 0, there holds 

(2.31) iLgl < 22-'^(||g||^l(]g3) + ||^||^3^jj3p||'Hfc||i2(IR3)||J"j||^2(jj3). 

Proof: Similarly, to overcome the strong singularity caused by collision kernel, we divide T3 
into two parts: T^^i and r3^2 which defined as 

r3,i =^ [ dv f dv, [ B{v-v„a){v,)-^^v)-^^g,nk 

and 

r3,2 =^ [ dK [ dv [ dv, [ B{v-v„a){v,)-^'{v)-^'g,nk 
Jo Jm.^ Jr^ Jss^ 

l2-^|i,-i,,|-i>cf K -v)(^ {v' - v) : Vl¥j{j{K))da, 
where we use the notation (j2.19p . Observing that 

552 \V -V^\ 11-4 

Jo 
then for the term T^^i, one has 

|r3,i| < 2-^^2'^' [ dv [ dv,\v-vA'<+^'~\v-v,)-''^G,\'Hk\ 

Jr? Jr^ 

For the case of 7 + 2s > 0, one may obtain that there exists a constant 5 G (0, 1) such that 

|r3,i| < 2-^^2^^' [ dv [ dv,\v-v,\-'+^g,\nk\i2-j\v-.,\-i>c^ 

Jr^ jr3 
x2-i\v-v^\'^\Tj\ + \V^Tj\) 

< 2^^^2-2^\\g\\^l(j^3j\\'Hk\\L'2{Rl)(.\\^j\\L'^{Rl) + I|V^-^jIIl°o(R3)) 

^ r)2js\\/^\\ I lav II II TT II 

^ ^ l|y|lLl(ffiS)ll^fc|li2(IR3)lKillL2(IR3), 

where we use the Bernstein's inequality in the last inequality. 
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While for the case of 7 + 2s < 0, we arrives at 

|r3,i| < 2-^12^^" f dv f dv,\v-v,\^+''''-^g,\'Hk\ 

Xl2-^|D-!;,|-i>cf (l^^-^jl + l-^il) 

Next we shall focus on the estimate for r3^2- Thanks to the estimate (I2.25p . one may obtain 

|r3,2| < [ dK [ dv [ dv, [ B{v-v,,a){v,)-^^v)-^^g,\nk\ 
Jo JR^ Jm.^ Jss^ 

2 
i=0 

Due to the Cauchy-Schwartz's inequality, we only have to bound the quantity as 

V =^ [ dK [ dv [ dv, [ B{v-v,,a){v,)-^'{v)-^^g, 
JO Jr^ Jr^ Jss^ 

2 

i=0 

By change of variables from v — )• 7(k) = u and the fact (I2.26P and (I2.27p . the term V can be 
bounded as 

JlRa JrS I I _ 4 

^ Jss^ \v-v^\ 2 

Jm? Jr3 11-4 

2 
x{Y^\VlF,{u)\)\2-^\u-vA-'?-''. 

i=0 

For the case of 7 + 2s > 0, one may get 

While for the case of —1 < 7 + 2s < 0, we obtain 

V < 2-2^-22^-^ /" du [ dv,{l + \v,-u\''+^n\,^_,\^,)g,\VlT,{u)\f 

JIR3 Jig3 

< 2-2^22^^(||g||^i(j^3) + 11^11^3 )||J-,||^2(R3). 



From which, we can deduce that the case of 7 + 2s > 0, there holds 

|r3,2| < 2^^1l^llLi{K3)ll^fcllL2(R3)||-7^j|lL2(]R3), 

and in the case of 7 + 2s < 0, there holds 

|r3,2| < 22j^(||g||^i(jj3) + ||g||^3^^3^)||'Hfc||i2(Jj3)||J^illL2 

From which, we complete the proof to the Lemma. 
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Putting Lemma |2.H Lemma 12.21 together with Lemma 12.31 . we easily deduce that for the 
case of 7 + 2s > 0, there holds 

^\{Q{Q,nk),J'j)v\ < ^'^'^^'\\G\\LHRl)\\'^k\\L2{Rl)\\J'j\\L^Kl) 
j<k j<k 

< Wr'W \ ^ oii^k)^ \\nj II II TT II 

j<k 

(2-32) < II^IIli(r3)||W||j^s(k3)||J"||^s(r3). 

Similarly, for the case of 7 + 2s < 0, there holds there holds 

(2.33) ^\{Q{g,hk),fj)v\ < {\\G\\Li{Rl) + \\G\\^3^^^^)\\n\\Hs(^^3^\\T\\jjs^^3y 

j<k 

Step 2: Frequency dominated by the function J-". Since the Boltzmann collision 
operator can be regrades as the bilinear operator, we believe that in some sense there exists 
symmetric structure inside the operator. We recall that 



dv 

3 /lD)3 



dv, f ^B{v -v,,a){v,)-^'{v)-^^g,n({v')-^^J^' - {v)-^'Ada. 



It is easy to check that 

{Q{g,n),T), = (Qi(a,H), j-)„ + {Q2{g,n),j^),, 

where 



= [ dv [ dv, [ B{v-v,,cj){v,y^^GJ{vy^m-{v')-^m'\{v')-^''^'da, 
Jw" Jr^ Jss^ \ ) 

and 

dv [ dv, I B{v-v„cj){v,)-^^gJ{v')-^'H'{v')-^-^F' - {vy^m{v)-^^'F 

We remark that in the case of j < k, {Qi{g,'Hj),Tk)v enjoys some similar structure as 
{Q{G-,'Hk)-,^j)v Precisely, one may follow the same procedure to handle the inner product 
{QiiG,'Hj),J^k)v as we did for {Q{G,'Hk),J^j)v We point out that the main difference lies 
in the Taylor expansion. If we set Mj = {v)^^'Hj, then in this case, the Taylor expansion 
should be taken as 

(2.34)IHj(t;) - Mjiv) = {v - v') ■ V^Mjiv) + / {v - v) {v - v) : VlM{-f{K))dK, 

Jo 

where 7(k) = kv' + (1 — k)v. 

Another difference comes from the following fact. For each a and v,, let ip^iv') represents 

the inverse transform v' — >• ipa{i^') = v{see [5|). Then due to (12.26p . one has 

^^•"^^^ Id^l- 4 • 

Thus for fixed v, and smooth function 6, one has 



dv / B{v — v,,a)g{v')(j){\v — v'\){v — v')da 
Jss'2 

f lb (v) — V 
dv I B{i;^{v) - v„a)g{v)(j){\i'a{v) - vl)-^::- —da 



(2.36) 
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where we use the symmetric property of ipaiv) with respect to a. The fact will give the 
reduction for proof to the corresponding terms such as Fi^i and Fs^i. 

Fortunately, the differences mentioned before do harmless to the proof for Qi{G,'Hj),Tk)v 
as we did in the step 1. We omit the details here and obtain that for the case of 7 + 2s > 0, 
there holds 

(2.37) ^\{QliS,'^j):J'k)v\ < II^IIl1{r3)II^II//-(r3)||-^|Ih=(IR3), 

j<k 

and for the case of 7 + 2s < 0, there holds 

(2.38) ^\{QiiQ,nj),Tk)v\ < {\\G\\mRl) + \\S\\^3^^^^)\\'H\\Hs(^M.l)\\J^\\H-{Rl)- 

j<k 

Now we turn to estimate Q2iG,T~(-j),J-'k)v Actually, by change of variables and cancellation 
lemma(see l5j), it can be written as 

{Q2{G,'Hj),Tk)v 

— / I I \ 

= \SS^\ [ f \me( ^—rBi ^"^ ~ y ,cose) - B{\v - v^\,cose)) 
J r6 Jo \ cos'^ I cos I / 

x{v,)-^^g,{v)-^''n{v)-^'j^d9dvdv,. 

It is easy to check that 

B{ --^,cos^) — B{\v — Vt,\,cos9) 

COS'^ ^ 



Using the fact that 



we obtain that for 9 G [0, 5], 



b{cos9)\v - v^\^{{cos-^ -)^+3 _ lY 



Jy 



cos^i ^)T+3 _ 1 < sin2 _, 



2' ~ 2' 

which immediately implies that 



r\-/ 



< I / ' «l-2s| ,7/ ^-ATw 



9'-^'\v - v^l^'iv - v^)-'^^g^\rLjFk\d9dvdv^ 
(2.39) < I \v-v^\"<{v-v^)-^^g^\'HjFk\dvdv^ 



def „ 

— ^1 + ^2, 



where 



and 



Si = / \v - v^\^ {v - v^) ^'^g^,\'HjTk\'i-2-k\v-v,\-^>c^dvdV:^, 
"2 = / \v-v^\'^{v-v^)~^^g^:\'HjTk\l2-''\,.^,,\-i<r..2Ldvdv* 



Here we emphasize that the analogue decomposition for the case < s < 2 is radically 
different from the case of ^ < s < 1. The quantity 2~ \v — v^\~^ inside the decomposition 
should be replaced by 2~^v — f*|~^. We remark that here j represents the low frequency and 
k represents the high frequency. 
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As for the term Hi, one has 

Hi < / \v - v,\^i2-''\v - v,\-^f-^'{v - v,)-^'g,\njJ^k\h'^\v^vJ-^>c^dvdv, 

Jm6 J I .1 - 4 

For the case of 7 + 2s > 0, one has for some smah 6 £ (0, 2), 
which leads to 

^ r)2fcsr) — 2A; ||/-'|| ll'T/ II 1177 II 

r^; ^ ^ I|!^IIli(r3)II^jIIl6(r3)Ik fc|lL6(iR3) 

^ 0^(fc^j)(l^s) 11/^11 IIIV II II 77 II 

^ 2 ^ '\\y\\Li(M.l)\\nj\\H^(M.l)\\J-k\\H-(M.l), 

where we use the fact 2^''\v — v^:\^^ > Cj and the Bernstein's inequahty. 
While for the case of —1 < 7 + 2s < 0, one has 

Hi < 22'^^2-2^ / \v-v.\'^+^'-^g,\'HjTk\h,_,,^^.^4dvdv. 

^ r)2/i;sr)— 2/;; ||/^ II \\nj \\ m 77 m 

~ ^ ^ \\y\\rim3,\\'^j\\LHR?.Wk\\LHm 



^ 0^('^'^7)(l^s) 11,^11 11-1/ II 1177 II 



We turn to bound the quantity H2. In the case of 2 ^\v — v^\ ^ < Cj, one may deduce 
that 

Then we arrive at 

For the case of 7 + 2s > 0, one has for some small 6 G (0, 1), 

\v - t;*r+2^-i(« - v,)-^' <\v- v,\^~\ 
which leads to 

H2 < 22^*2-^/ \v - v,\^-^g,\njTk\dvdv, 

^ r)2fcSr) — fc||/^|| 11-1/ II 1177 II 

^ ^ ^ l|t'llLl(R3)||rtj||i6(IR3)||-Afc|lL2(]R3) 

^ 0^(fe^7)(l^s) 11,^11 11-1/ II 1177 II 

While for the case of — 1 < 7 + 2s < 0, one has 

\v - z;,r+2^-i(t; - z;,)'^i < 1 + b - f*r+''"'l|„-..|<i. 
Then it gives 

H2 < 22'''2"''(|g||^l(jj3) + II^IIj^|(k3))*^"^j"^'{RS) + ll^illL2(R3))||-7^fc|lL2(lR3) 
< 2-(fe-j){l-^)(|g||^^^^3^ + ll^ll^3^K3^)||^j||^.(K3)||J-fc||^s(K3). 

Patch together the estimates before, we finally obtain that for the case of 7 + 2s > 0, there 
holds 

(2.40) ^\l\Q2{g,'H.j),Tk)v\ < II^IIli(i:?)II^IIh»(m3)||-7^||//s(m3), 

j<k 
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and for the case of 7 + 2s < 0, there holds 

(2.41) Y.\^Q2{Q,'H,),Fu)A < (||a||il(M3) + ||g||^3^^3p||7^||^.(j,3)|m|^.(K3). 

Thanks to the (fOSI) . ^^:37\t and ^Wf . we obtain the first estimate in the Theorem [O 
Similarly, (lOSjl . dOSjl and (ITiT]) imply the second one. ■ 

In order to get the regularizing effect of the solutions for the inhomogeneous Boltzmann 
equation, we still need the estimate for some commutator. Fortunately, we can follow the 
same idea of the proof to the Theorem and then obtain the corollary: 

Corollary 2.1. Let Ni = |7V2| + |A''3| +max{|/-2|, |/-1|} and Ni = N2 + N3 withN2,N3,l £ 
M. Then if Ni > I + ^ and s < 2, one has 

(2.42) \{Qig,h){vy,f% - {Q{gMvY)J)v\ 



~ llslLi (RDWHrn, (Rl)\\f\\Ht 



where q < s. 

When Ni > / — 1 + 7 + 2s and s > 2, one has that in the case 0/7 + 2s > 0, there holds 

(2.43) I {Qig, h){vy,f% - {Qig, h{vY), f),\ 



^ML\,^iRl)MHl,,^(Rl)\\f\\L%^(Rly 



While in the case 0/ 7 + 2s < 0, there holds 

(2.44) \{Q{g.h){v)\f), - {Q{g,h{vy),f%\ 



< 



5|Il1 (R3) + ||g|| 3 ^^J\mHf,(Rl)\\l\\Ll(Rly 



Proof: Direct calculation gives that 

{Q{g,h){vyj),-{Q{g,h{vy),f), 

dvdv, I B{v - v,,a){v,)-^'{vy^'g,n{v')-^--'T'{{v'y - {vy)da. 
Jss^ 

Step 1: Bounds in the case of s < 2- It is easy to check 
\{cQig,h){vy,f),-{Qig,h{vy),f),\ 

< I dvdv^ I \v-v^\"i+^b{cose)sine{v-v^)-^^+^-^gMJ^'da. 
Jr'^ Jss^ 

By Cauchy-Schwartz's inequality and change of variables, the desired estimate can be 

reduced to the boundness of the quantity 



/C= / dvdv,\v-v,\^+^{v-v,)-^'+^-^G,n'^. 

Jr^ 

Since A^i > / + 7, we deduce that in the case of 7 + 1 > 0, there holds 
(2-45) -^^ ll^llLi(RS)l|W|li2(R3). 

While in the case of 7 + 1 < 0, one has 

/C < / dvdv:^{l + \v - V:t\'^~^^li^_^j<^i)Q^Ti'^. 
Jr^ 

Thanks to the assumption that 7+2s+l > 0, there exist a positive 6 such that 7+I = —{2s— 6) 

1 3 — e 

which implies that x(^) = l|i'|<il^r ^ Ls^-* . Then by Holder's inequality, one may obtain 



that 



/C < Ilell^lm3^(||?^||?2.„3^ + ll^" 
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where ^ + ^ = 1 and p = 20s- ^Y standard Sobolev's embedding theorem, one has 



11^ \\li{RI) < ll'^llHe(R3)' 
_5 



where g = f_^ . Choose e < |-, then we deduce that g < s. And we arrive at 



(2-46) /C < II^IIli{r3)II^IIhp(r3)- 

Combing (j2.45p . (|2.46p and Cauchy-Schwartz's inequality, we easily obtain the first esti- 
mate in the corollary. 

Step 2: Bounds in the case of s > 2- One has the following decomposition: 

{Q{9,h){vy,f).-{Qig,h{vy)J), 

def 

"il^ 1K1 + 5H2, 

where 



^1 = / dvdv, / B{v - v„a){v,)-'^'{v')-'^'g,n'r{ {vy - {vy ]da 

Jm*' Jss^ \ J 

and 

9^2= fdvdv, f ^B{v-v,,a){v,)-^^v')-^^g,J^'({v)-^'n-{v')-^^n']({v'y-{vAda. 

Firstly, as for the 9^i, we have the following lemma: 
Lemma 2.4. Let iVi > / — 1 + 7 + 2s. In the case 0/7 + 2s > 0, there holds 

^1 ^ II^IIli(ir3)II^IIh-(rS)II-^IIl2(r3)- 
While in the case 0/ 7 + 2s < 0, there holds 

Proof: To overcome the singularity caused by the collision kernel, we use the Taylor expan- 
sion formula up to the order 2: 

(,;)' - {v'y = {v- V') ■ V,{{V)%=,, + /■ (^; _ ^') ^ (^ _ y') : Vl{{v)%^^(,)dK, 

Jo 
where j{k) = kv' + (1 — k)v. Set 

9^11= f dvdv^ [ B{v - v„a){v,)-^'{v')-^^g^n'T'{v' - v)V4{v'y)da. 

Then we claim that D^i^i = 0. In fact, by change of variables form v ^ v' and fact (|2.35p . 
one has 

9^1,1= / dv'dv4v,)-'''{v')~'''g,n'rV,{{v'y) f — ,-i B{v-v,,a){v' -v)da. 

Thanks to (j2.36p . we prove the claim that IKi^i = 0. Next we shall focus on the estimate to 
the following term: 

9^1,2 = - [ dn [ dvdv^ [ B{v-v^,a){v^)-^'{v')-^' 
Jo Jr^ Jss'^ 

xg.n'F'iv - v') ®{v- v') : V2((^)0L=^(,)(ia. 
It is easy to see that 

^1,2 < [ dK [ dvdv^ [ Biv-v^,a){v^)-^^v')-^'gM'J^'\v-v'\'^{-f{K)y-^d(j 
Jo Jr'^ Jss^ 

■n 

< [ dv'dv. [' e^~^'de{v, - v')-^^^'-^g,u'F'\v. - z^r""', 

JR^ Jo 
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where we change the variables from v to v' and use the fact 

(2.47) \v-vf<\v'-v.\''^-^^i^^ 

and 

Then we deduce that 

9^1,2 < E^i,2' 
3 

where 

9\{^ "M [ dv'dv,{v,-v')-^^+'-^gM\:F'\v,-v'\^+\ 

To bound the term IH-J 2) "^^ first observe that in the region of 2~^v' — v^:\~^ > vr/4, there 
holds 

m{^ < [ dv'dv,{2-^\v' - v,\-'f-^^v, - v'r^'+'-^gM\j^'\v. - t;'r+' 

< 2-2^-(i-^) / dv'dv,{v,-v')-^^+'-^gM\T'\v.-vr'^''. 



Choose A'^i > Z — 1 + 7 + 2s. Then for the case of 7 + 2s > 0, we obtain that 

nyj ^ — 2(1 — s)j ||/-'|| ll-T/ II II TTll 

While in the case of 7 + 2s < 0, we deduce that 

Next we treat the case of 2~'-^\v' — v^\~^ < 7r/4. One has 

^{^ < [ dv'dv,{2''^\v'-v,\-^)'-^^v,-v')-''^+'-^gM\J''\v,-vV^'' 

< 22^'^2-^' / dv'dv,{v.-vT'''^'-^G*\n'AT'\v.-vV^^'+\ 

which implies 

mi <^ o^(^^s)J iimi iiiv II II TTll 

^1,2 ^ ^ l|y|lLi(R»)ll^ill/f=(M3)||-^||L2(]R3). 

Patch together all the estimates for y{\ 2 ^^^ choose A'^i > / — 1 + 7 + 2s, we deduce that 
in the case of 7 + 2s > 0, there holds 

J 

While in the case of 7 + 2s < 0, there holds 

X]^l2 ^ (MlhrD + 11^11^3 )P||^.(k3)||-F||^2(^3). 



Now we turn to focus on the term 9^2- One has 
Lemma 2.5. Let A^i > / — 1 + 7 + 2s. Then in the case 0/7 + 2s > 0, there holds 

5^2 < ll^llLi(Rg)ll'^ll/f-(R3)||-7^|lL2(iR3). 

While in the case 0/ 7 + 2s < 0, i/iere /loWs 

^2 < (II^IIl1(R3) + ||^||i2(K3))||'H||^s(R3)||J"||^2(jj3). 
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Proof: We introduce the Littlewood-Paley decomposition and set 
mi = [ dvdv, I B{v-v,,a){v,)-^^v')-^' 



xG,F' Uvy^mj - [vym'j] ({vy - {vAda. 



Then IH2 = S,'^2- ^^ done before, we also introduce the angular cut-off function (pj and 
split 9^2 i'^to two parts 9^2 1 ^^d ^2 2 which are defined as 



xM\v-v'\)(^{v'y-{vyya 



and 



in^22 = [ dvdv, [ B{v-v,,a){v,)-^'{v')-^^g,r({v)-^^n,-{v')-^^n'. 
Jk^ Jss'2 V 

We first treat with 9^2 1 • One may check that 

^ii < I dvdv, I B{v - v„a){v,)-^'{v')-^^'g,T'\v - v'\'^(j)ji\v - v'\) 

1 

X 5^ |V^^,(7K))K7K))-'^M7(«:2))'-^da. 

i=0 

where ki,K2 G [0) !]• Noticing that 

(2.48) {v.)-''Hv')-''Hl{^i))-''H7iK2)y-' < {v. - 7iK^))-^^+^-\ 

we deduce that 

1 
x</>,(|z;-t;'|)j;|V;^,(7(Ki))|da. 

By Cauchy-Schwartz inequality, 9^2 1 can be controlled by the quantities 

Vh =^ [ dvdv, [ B{v-v^,a){v^-j{Ki))-^'+^-'^g^\v-v'\'^ 

1 

x4>j{\v-v'\)Y,\KnM'^i))\'da 

«=o 



and 



VI2 =^ / dvdv, B{v-v,,a){v,--f{Ki))-^'+^~'^g4v-v'\'^ 

Jr^ Jss^ 

X(l)j{\v-v'\)\J^'\^da. 
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We only need to show the estimate for VIi. One has 

-1 / V — Vt \ 

X (l)j{v-v)b{{- -a)) '-—^ da. 

Jss^ \v-v*\ 2 

Fixed a and f* and noting the fact (I2.26p . we change of variables from v ^- u = 7(^1) and 
then it gives 

X / e^-^'de. 

Jo 
Since A'"i > / — 1 + 7 + 2s, then for the case of 7 + 2s > 0, there holds 

yh ^ ll^llLi(R3)ll'^illH=(R3)- 
While for the case of 7 + 2s < 0, there holds 



Vh < i\\0\\LHMJ^.) + \\OL^,^J\\'Hj 



|2 

Similar calculation can be applied to VI2 and it gives that in the case of 7 + 2s > 0, there 
holds 

^/'T <^ o^2j(l— s) ii^ii II Trl|2 

Vh < 2 ■'^ 'II^IIli{m3)II-^IIl2(m3)- 
While for the case of 7 + 2s < 0, there holds 

From which, we deduce that in the case of 7 + 2s > 0, there holds 

(2-49) Y.^ii ^ \\0\\mRi)\\nHsiRt)m\m 

j 
While for the case of 7 + 2s < 0, there holds 

(2.50) XI ^2,1 ~ (II^IIlI(KS) + ll^llLi(K3jll'T-ll//=(]R3)IKIlL2(K3). 



Now we treat with the term 9^2 2- ^^ ^^^^ observe that the angular function b{9) now is 
locally integrable thanks to the cut-off function 1 — (f)j{\v — v'\). Then the bound for 9^2 2 ^^^ 
be reduced to the estimation of 

VII =^ [ dvdv, [ B{v-v,,a){v,)-^^{v')-^^g,F'{v)-^^\'Hj\ 



x[l-^,i\v-v'\)](^{v'y-{vyya. 
It is easy to check that 



VII < / dvdv, / B{v - v,,a){v,)-^'{v'y^'g,T'{v)-^'\nj\\v - v'\ 
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where K3 G [0,1]. Thanks to ()2.48p . by Cauchy-Schwartz inequahty, VII can be controlled 
by VIIi and VII2 defined as 

Vlh =^ [ dvdv^ [ B{v-v^,a){v,-v)-^'+^-^g^ 

x\nj\'^\v - v'\[l - (t>ji\v - v'\)]da 



and 



VII2 =^ [ dvdv, [ B{v-v„a){v,-v')-^^+^-^g, 
7r6 Jss2 

x\J^'\'^\v - v'\[l - (l)j{\v - v'\)]da. 



We only need to give the estimate to one of them. As for VII2, by change of variables from 
1) to f', one may has 



VII2 < I dv'dv,{v,-v')-^^+^-^\v,-v'\^+^g,\F'\''l 



c2-J>*-i;'|-i<| 

Y ^ \v — v=t. I ' — ' ' 



where we use the fact ()2.47p . From which, we deduce that 

V112 < 2-^2^^' [ dv'dv,{v,-v')-^'+'-^\v,-vV^^'g*\J'T, 

Jr^ 
which implies that in the case of 7 + 2s > 0, there holds 

VII2 < 2-^-(i-)2^-ig||^.(^3)||-F||^,^^3). 



While for the case of 7 + 2s < 0, there holds 



VII2 < 2-^i'-^h^%\\g\\,..^^, + \\GL.^\\T 



|2 



Similarly, one can obtain that in the case of 7 + 2s > 0, there holds 
Vlh < 2-^-(i-)2^ig||,,(^3)||?^,||^,(„3). 
While for the case of 7 + 2s < 0, there holds 

Vlh < 2-^-(l-)2^-^(||g||,.(^3) + ||g||^3^^3^)P,||^,(^3, 

Thanks to the Bernstein's inequality, we arrive at in the case of 7 + 2s > and A^i > 
/ — 1 + 7 + 2s, there holds 

T/rr <^ 0^7(1^5) ii/-» II II TTll 1117 II 

^^^ ^ -^ ' \\y\\L^Rl)\\-^\\L2{Rl)\\^j\\H''{Rl)- 

While for the case of 7 + 2s < 0, there holds 



'L2(R3) 

Finally, we obtain that in the case of 7 + 2s > 0, there holds 

J 

While for the case of 7 + 2s < 0, there holds 

^9^2,2 ^ (II^IIli(r3) + II^II^§(r3))II^II//»(r3)||-^IL2 

j 
From which together with ()2.49p and (j2.50p , we complete the proof of the lemma. 

Thanks to the Lemma 12.41 and Lemma 12.51 we complete the proof to the corollary. 
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3. COERCIVITY ESTIMATE FOR THE COLLISION OPERATOR 

In this section, we shall give the coercivity bound for the collision operator. Our main 
motivation comes from the sub-elliptic estimate ()1.6p entailed by entropy dissipation and the 
upper bound estimate ()2.16p and (|2.17p for the collision operator. Roughly, our strategy is 
carried out as follows. We first use the trick to reformulate the functional {—Q{g,f),f)v as 
{—Q{G,J^),J^)v by introducing Q = g{v)'^ and J^ = f{v)'^. As a consequence, the kinetic 
part $(|f — v^\) will be cancelled by the additional factor (v^)^^ and (w)~^ which means 
the cases of the hard potential and soft potential can be reduced to the Maxwellian case but 
at the price of occurring the lower order terms. We point out that here the lower order term 
means the lower derivative term or the term with lower weight. Thanks to the estimates 
(II. 6p . (I2.16P and (I2.17p . we finally obtain the following theorem: 

Theorem 3.1. Let the collision kernel B{\v — v*|,(t) satisfies the Assumption A. Suppose 
the function g satisfies 

\\9\\lI{kI) + \\9\\LlogL{Rl) < °0- 

Then there exists a constant Cg depending on \\g\\]^i(^:i) cind Hs'lliiogLdRS) such that in the 
case o/ 7 + 2s > 0, there holds 

(3.51) ^\\fi^)'\\h(Rl) - \\9{v)^^^\\mRl)\\f{vf^\\l.(^Rly 
where g < s and 

7 = It + 2|l7<o + |7 - 2|l7>o; 
and in the case of j + 2s < 0, there holds 

(3.52) x|l/(-)"lli.(M3) - (Wgivn^Rl) + lb(^>l^l|l^3^^3^)||/(.)^||^,(^3), 
with g < s. 

Before the proof, let us give some comments on the Theorem 13.11 First of all, the proof of 
theorem can be applied to obtain the smoothing effect estimate (jl.lOp which is entailed by 
entropy dissipation. Secondly, comparing to the upper bound estimates (j2.16p and (j2.17p . we 
lose 2s order of weight in v in the coercivity estimate. The main reason may lie in the fact 
that it is still not clear to the structure of the collision operator. 

Proof of the Theorem: It is easy to see that 

{QigJ)J)v = / dv^dv i B{\v -v^\,a)g^f{f' - f)da 

= - dv^dv B{\v -v^\,a)g^{f''^ - f'^)da 

2 Jr(' Jss'^ 

dv^dv I B{\v — v^\,a)g^{f' — f)'^da 



2 



ss' 



= "31- 32. 
Step 1: Upper bound for ^i. By change of variables, one has 



if "2 /I \l) 11 \ 

Ji = \SS I / / sin^l rjB{ ^,cos6) — B{\v — V:t\,cos6) ]g^,f dOdv^dv 

Jr^ Jo Vcos'^2 cos 2 / 

= \SS^\ I /' sin06(cos0)|w - f,|^{(cos-^ -)^+3 - IjgJ^dOdv^dv. 
Jr^ Jo 2 
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Using the fact that 



we obtain that for 9 £ [0, ^], 



X™ - y"^ = m / z^-^dz, 



(cos-i -y+' - 1 < sin2 -, 



which immediately imphes 

3i = C \v — vJ'^g^,f'^dvdv*. 



j6 



In the forthcoming argument, we shall give the different upper bounds for ^i with respect to 
the value 7. 

Case 1: 7 > 0. It is easy to check 

^1 ^ \\9\\Ll,iRl)\\f\\l%{Rl) 



Case 2: 7 < 0. We may rewrite 3i as 

3i = C \v — v^\'^ {v)^'^ {v^:yG^:J^'^dvdv^, 

where ^* = g^{v)~^,T = f{v)^ . It is easy to check that 



^1 ^ / {l + \v -v^\^l\^^^A<i)Q^F'^dvdv^.. 

Now we first treat the case 7 + 2s > 0. That is, there exist a positive 5 such that 
2s — 6) which implies that x(^) = l|«|<il^r ^ L'^^-^ . Then by Holder's inequality. 



7 = 

one may obtain that 



/^ ^^ I I j^^ II / I I T^ I I 2 II " t "Zi II I I I I \ 

-^1 ^ II^IIli(r;5)(IkIIl2(m3) + Ik IIl'?(ir3)||xIIlp(ir3)J, 
where ^ + ^ = 1 a-nd p = ^ g~ ^ ■ By standard Sobolev's embedding theorem, one has 



Ik IIl9(r3) < \\J^\\h0(rI)' 



where g = i'_^^ . Choose e < ff , then one may obtain that g < s. And we arrive at 



3i < \\9{v)-^\\mRl)\\f{vf^'' 



He 



Secondly, we handle with the case — 1 < 7 + 2s < 0. Let (5 = 1 + 7 + 2s. Then by the 
Assumption A, it gives that < 6 < 1 and x(^) ^ Li+2s-^. Choose e < jr^- Then we can 
deduce that there exists a constant g = %7^_^'^ verifying g < s such that 

l + 2g _ 1 + 2S-6 
3~ ~ 3-e 
Then by Holder's inequality and Young's inequality, one has that 

where - + - = 1 and ^ = f- + f- By standard Sobolev's embedding theorem, we obtain that 



^1 ^ (||a||il(K3) + ||g||^3^^3^)||-F||^,(^3). 

Putting together the estimates for 3i, we arrive at there exists a constant g verifying g < s 
such that for the case of 7 + 2s > 0, there holds 

(3-53) 3i < ||5(«)'^'llLi(R3)ll/(^)^ll^e(M3), 
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and for the case of 7 + 2s < 0, there holds 



(3.54) Jl < (115(^^)1^111^1(1.3) + |b(^)l^l||^3 )||/(^)i||^,(^3). 



Step 2: Lo'wer bound for 32- Recalhng that 

2^2= / / \v — v^\'^b{cos9)gt,{f' — f)'^dadv^dv, 
and setting J-" = /(f) 2 , we can rewrite ^2 as 

2^2=/ / |w-w*r6(cos0)5*((?;')-i-F'-(t;)-i-F)2(iCT(it;*dw. 

We shall give the different lower bound for ^2 with respect to the value 7. 
Case 1: 7 < 0. Thanks to the fact (A - Bf > ^ - B^, one has 

\2 






>\{v')-'{J^' - J^f - T\{v')-^^ - {v)-lf. 



Then one may obtain that 



2^2 > \ I I \v -v^yb{cose)g^{v')-"<{F' - Ffdadv^dv 



|w - f*|'^6(cos6')5(*J"^((f') 2 - (w) '^)'^dadv^dv 

552 



def 

— -5^1 — -5^2- 



Noting that 

\v-v4^v')-^v,)-"'>l, 
one has 

-i^i > / , 6(cos0)(5*(t;*)^)(J-' - Ffdadv^dv. 



Due to the well-known entropy dissipation inequality, we arrive at 

a > /^ II 7r||2 

^1 rs. "-^fflK IIh=(R3)> 

where C^ depends on ||5'(f)''^||j;,i(K3), ||5'('w)'^||j^iogL(R3) a-iid h. Next, we turn to the estimate 
of £2 • One may have 

£2 ^ / / \v — v^f\'^h{cos 9)g^,J^'^\v — v'\'^{'~^{n))^'^^'^dadv^,dv 

with K G [0, 1]. Noting the fact 

I 'II I ■ ^ 

|t; — t; I = |t; — ti^l sm -, 

we deduce that in the case of 7 + 2 > 0, there holds 

£2 < / g.T^v.y+^dv.dv 

Jr'' 

From which, we obtain that for 7 + 2 > 0, there holds 

/o rr\ '-i ^ 9 II T-Il2 ii / \ l'y+21 ii IIt-||2 

(3-55) J2 > ^ll-^ll^s(K3) - Wgivy'^ 'IIli(rS)II-^IIl2 
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While in the case of 7 + 2 < 0, thanks to the Assumption A, one lias 

7 + 2>-l,s>-. 
Then for any e, there holds 

£2 < / {I + \v - v,p+H\,^,^\<^)g,F^{v,)\^+^\dv,dv 

< lb(-)'^"^'ll.MM3)(ll-^lli.(MS) + ll-^llk(M3)) 

From which, we obtain that for 7 + 2 < 0, there holds 

(3.56) 3, > ^mi.^^s) - ci-''{Mv)^'^'^hHRi) + c.rmi^^uiy 

Thanks to ()3.55p and (|3.56p . we conclude that for 7 < 0, J2 can be estimated as 

7o > ^3\\-p\\2 |'^l-2s|| / \|7+2|||2s 1 ||„/,,\|7+2||| ^\ 



(3.57) ^II-^IIl2(r3)- 

Case 2: 7 > 0. Observing the fact that 

(v) ~ \v\ +1|^,|<1, 

we may obtain that 

J2 > / / {v -v^yb{cos6)g^.{f' - ff'dadv^.dv 



/ / l\v-v,\<iK^os9)g^{f' - ffdadv^dv. 



Noting 



{v-v.y>{v'-v.y>{v,)-^{v')\ 

and following the similar trick as the one in the case of 7 < 0, we arrive at 
^2 > III h{cose){g,{v,)~'<){F' -Ffdadv^dv 

I b{cose)g,{v,)-"'f{{v')2 - {v)ifdadv,dv 



/ / l\,u^y^\<ib{cos6)g*{f' — f) dadv^:dv 
Jr6 Jss^ 



Here we also set T = /(f) 2 . 
It is easy to check that 

a > /"< II 7r||2 

where Cg depends on ||5'('y)^'*^||ii(]R3N, \\g{v)~'^\\LiogL(R^) ^^^ ^- ^^ ^^^ ^he term C4, one has 

^i< I I b{cose)gJ^\v - v'\'^{v,y^{-f{K)y-^dadv^dv 
JR» JsS'2 

with K G [0, 1]. From which, we deduce that 

£4<||5(t')'^"''llLMMS)ll-^lli2(M3). 
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As for the term /^s, noting that 

\2 



f 



l|?)-i'*|<iKcos6')g*(/' - /) dadv^dv 

= -2 / l\^_^A<ib{cose)g^f{f' - f)dadv^dv 

+ / l\^^yA<ih{cos 0)g^{f''^ - f)dadv^.dv, 
we conclude that by the proof of the Theorem 12. II and the result of the step 1, there holds 

-^^5 < lbllLi(R3)(||/|li2(K3) + II/II^.(r3)). 

From which, we deduce that 

3^2 > Cg\\H]is(^^i) - \\g{v) ^"^ llLi(iR3)ll-^lli2(ig3) - IIs'IIli(r3)||/|||.(jj3)- 

Noticing that for any smooth function XR defined as XR — x{-^) with 0<x<l)X = lon 
Bi and supp (x) C i?2) there holds 



liJ={R3) < ll/Xi?lli/.(R3) + R 2 ||-^|Ihs(k3) + ||-7^||l2(r3) 

(one may check the proof in the Appendix) , which implies that 

^2 > (C9 -^~'^I|5|Il1(r3))||J"||^,(]j3) 

-||5(t')'^"^'llLl(R3)||-^|li2(R3) - ||5llLl(R3)||/Xij||^.(K3)- 

Thanks to the entropy dissipation inequality, we can also deduce that for any i? > 0, there 
holds 



^2 + II5'IIli(r3)||/^|Ili(m3) > Cg^RWfx 



R\ 



H'- 



where Cg^R depends on ||5||2,i(m3n, ||5|lLiogL(iR3), h and R. Choose Ri such that 

lbllLi(iR») ^ 2^g^i' 
then we finally obtain that for 7 > 0, there holds 

' ~ 2(||5|L.(r3) + C,,kJ"-^"^^(«?) 
(3-58) -||5(t')'^"^'llLi(R3)||-^|li2(K3). 

Now we can conclude that ()3.53p . ()3.57p and ()3.58p imply the coercivity estimate for the 
case of 7 + 2s > 0. And (13.540 and ()3.57p imply the coercivity estimate for the case of 
7 + 2s < which completes the proof to the Theorem 13. 1[ ■ 

As a direct application, we obtain the entropy dissipation estimate: 

Theorem 3.2. Let the collision kernel B[\v — f*|,o") satisfies the Assumption A. Suppose 
the function g satisfies 

Then there exists a constant Cg depending on HffH^^ifRS) o,nd ||5||iw_L(lR3^ and a constant 
g < s such that in the case 0/ 7 + 2s > and 7 < 2, there holds 



e 

l-2s|UI|2s I ||„|| , „ i r< ^-e\\„\\!i-g ,,,^,, ^ 

2 y.'^^'-ii I 2 

(3.59) > Cg\\^f{v)m,,^,. 



W{9,I),l)v + {t.g ll5llil(R3) + ||5llLl(R3)+Cg ll5llil(R3) 

|2 
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Proof: Direct calculation gives that 

D{g,f) > - I dv.dv I B{\v-v,la)g,{f'-f)da 

+ / dv^dv I B{\v -v^\,a)g^.{'s/J' - ^/Jf'da. 

We stress that the estimates for righthand side of the above inequality are exactly as the 
same as the ones for 3i and 32- Then we arrive at 

D{g,f) > c,iiv7(«)i||^.(^3) - (cl-'^Mvyfj^.^^.) + Mvyhn^i)) 

(3.60) x|l^(^')^lli2{R3) - \\9{v)^^^\\L^Rl)\\Vfi^)^'\\l.iRly 

where g < s and 

7 = It + 2|l7<o + |7 - 2|1t,>o. 

Since now 7 + 2s > and 7 < 2, we deduce that 7 < 2 and I7I < 2. Thanks to the Young's 
inequality 



\H.<e\\f\\Hs+e-—^\\f\\L2, 
we can rewrite (13.60p as 

D{gj) > c,iiy7(.)i|i^.(^3) - (cl-^ii5iii](«3) + \\9hiiRi))\\f\\Li 

-Cg '"1l5ll2i(K3)ll/llLl{R3), 

which completes the proof to the Theorem. ■ 

4. Smoothing effect for the homogeneous Boltzmann equation 

In this section, we shall give the proof to the Theorem ll.il 
Proof of the Theorem ll.lt We first assume that infinite L^ moment estimate ()1.12p 
holds true for all the collision kernel. The inductive argument will be applied to prove the 
smoothing effect of the homogeneous Boltzmann equation. 

Let us assume that for some ttt, G N and all / G A^, there hold 

(4.61) sup \\f\\HJ^{Rl) < oo- 

[to, 00) 

Noting that 



CKI +Qo^a 



Set g = d'^ f{v)\ then g solves 

dt9 = QU,g) + [Q{f,d^f){vY-Q{f,d^f{vY)]+Q Y. C^M'f^^TfM. 



kii>i 



Suppose \a\ = ra + 1. Thanks to the Theorem 13.11 and standard interpolation inequality, 
one has 



%\9{vy^fHs+{C]-'^\\ff^, +11/11 )ll .112 



{Q{f,g),9). < -^115(^^)^111.. + (q-^^ll/llil , + ll/ILf ^^ )||/||^„.-..+i, 

with g < s. 
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Due to Corollary 2.2, taking N2 = I + ^ and N^ = ^ in the case of s < ^, otherwise taking 

! = / + ^ and N3 = ^ + 2s — 1, one may arrive at 

{Q{f,d:f){vy-Q{f,d:f{vy),g) 



IV 



Applying the Theorem 12.11 with Ni = 2s + ^ + / and A'^s = — / + ^, one may have 

7|+2s + c5i + 4 2s4--7+t 

Patching together all the above estimates, by standard energy estimate, we easily deduce 
that 



^/ II / \21||2 

where we use the Young's inequality and ()4.6ip . 



:77||9'IIl2 + -iT-^g^v) 2 ll^s < 11/11 „+i + iij II „+e+i, 



From which, one obtains that 



(4.62) :^ll/ll^"^+i + 11/11^^+1+. < ll/ll^^+i + 11/11^™+. 



Thanks to the interpolation inequality 



\k < \\J\\h^-^\\J\\h^+^, 
by iteration argument, one has that there exists a constant r^ and 5 G (0, 1) such that 
(4.63) \\f\U<\\f\fH.-^\\f\\'-A.- 

Denote ^rn as the quantity depending only on sup ||/||^mm3\ with / G M"*". Then by using 

[to, 00) 

(|4.63p . (|4.62p can be rewritten as 

at -"i -"j+T 

Thanks to ()4.63p again, we also can derive that there exists a constant 77 > such that 

|ll/ll^,".+i + 11/11 JLV<c:„.. 

Using a standard argument (used by Nash for parabolic equations), we see that for ti > to, 
there holds 

/GL~([ti,oo];i7r^i) 

with / G M^ . This gives the proof to the Theorem 11.11 



Now we only need to check that infinite L^ moment estimate (jl.lip will imply infinite L^ 
moment estimate (I1.12p in the case of 7 + 2s > 0. Set a = 0, then g = f{v). Following the 
similar procedure, one may obtain that 

d II ii2 C'f 7 2 

Thanks to the interpolation inequality 

23-2g 3+2g 



and 

'"■'|L2 ^ \\J{vr'^-'\\L^"\\J{vr Whs 



<\\f{v)^'rrt'\\f{vV'^' 
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with r G M, one may deduce that there exists a constant r? > such that 

d 



dt 



\\f{vy\\h + \\f{vy\\iv'<^i 



'O' 



where €q represents the quantity depending only on sup ||/(w)'||j;,i(]r3\ with / G M^. From 

[to,oo) 

which, we complete the proof to the Theorem 11.11 ■ 

5. Smoothing effect for the inhomogeneous Boltzmann equation 

5.1. Hypoelliptic estimate for the transport equation. In this section we study the 
transport equation which reads: 

(5.64) dtfit, x,v) + v Vxf{t, X, v) = g(t, x, v) 

and show the following hypoelliptic estimate. 



Lemma 5.1. Suppose g £ L^i[0,T] x T^; iJ-i(M3)). Let f G L^{[0,T] x T^ x 
weak solution of the transport equation (|5.64p . // we assume f{0,x,v) G L^(T3 x 
/ G L^([0,r] X T^;H%Rl)) for some < s < 1, then we have that for any I < -|, 

(5.65) {v^f G l2([0, T] X M^; H^(^ (T^)). 

Proof: Let r^ be the translation operator in the x variable by k, then one has 

Tkf{t, X, v) = f{t, x + k,v) - f{t, X, v). 
We denote the finite difference of / in the x variable by 

Afc/(t, X, V) = Tkf{t, X, v) - f{t, X, v). 

Using these notations, we observe that 



be a 
and 



([5:65]) ^ 



(5.66) 



<^ 




(w)^'|Afc/|^|A;| ^(^+'^) dtdvdxdk < +00 



mGZ3 



fit,m,v] 



dtdv < +00. 



We now turn to prove (|5.66p . Let x(^) ^ Cq°(M3) be a test function which satisfies 
x{v) > and J^^ x{v)dv = 1. For any e > 0, we denote the regularizing sequence Xt by 
Xe{v) = e~^X (f) and write 

(5.67) /(t, m, v) = [f{t, m, v) - (/(t, m, •) *v Xe)iv)] + (/(t, m, •) *„ Xe){v). 

We point out here that e in the above equality will be chosen later and will depend on \m\. 
We use Minkowski's inequality and Cauchy-Schwartz inequality to get 

{vf\f{t, m, v) - {fit, m, •) *, Xe){v)\^dv 



< 



< 



< 



< 



dv 



1/2 



[f{t, m, v) - f{t, m, V - u)] Xe{u)du 

\f{t,m,v) - f{t,m,v -u)\'^dv] Xe{u)du \ 
\f{t,m,v) - f{t,m,v -u)]"^ 



Xl{u)\uf+^'du 

2 



\U 



3+2s 



dudv 



f{t,m,-] 



H" 
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/(t, m, v) - (/(t, m, •) *^ Xe)iv) 



dtdv 



f{t,m,-) 



m&-^ 



HHm) 



dt. 



For the second term of the right-hand side of (I5.67|) . we shall use the averaging lemma 
introduced by [19]. We first recah that g £ L^i[0,T] x T3;F-^(M3)) implies that 



g{t,x,v) = go{t,x,v) +^di,Mj{t,x,v), 

i=i 

where go(t,x,v) = T~^[{1 + \C\)~-^J^vg]{t,x,v) and hj{t,x,v) = -Rjgo{t,x,v), j = 1,2,3. 
Here Rj is Riesz transform in v variable. Then, one has go, hj G -^^^([0, T] xT^ xM^), j = 1, 2, 3. 
According to (2.16) in Theorem 2.1 (averaging lemma) of |19] . we can deduce 



\{f{t,m,-)*,Xe){v)\^dt 



< 



\m\-2 {Wxeiv - u)(l + \u\'^)\\l^ + ||Vx.(i; - n)(l + \u 



')\\l^? 



X ( 11/(0, "T-,-)llL2(iR3) + ||/(-,m,-)|lL2([o,T];L2(R3 



+ |lffo(-,"l,-)llL2{[0,T];L2(R3)) + 2^ II^J ("' "^' ") IIl2{[0,T];L2(R3 

Thanks to the fact \\xeiv — u){l + |up)||L5f ^ e^^(l + |vp), we get 
rT 



< 




ml 2(4+s) 



if{t,m,-) *vXe)iv] 



dtdv 



'(e"' + e-')(lim"ir)lli2(M3) + ||/(-,m,-)|li2([o,T];L2(R3)) 



(5.69) +ll5o(-,"T', •)IIl2([o,T];L2(IR3)) +2^ ll^i(',"i,')llL2{[0,T];L2(IR3 

Now we choose e = \m\ Mt+s) ^ and we can bound (j5.68p since we have / G -L^([0, T] x 
T^; ii'*(R^)). As for (15.69p . we can also bound it if we notice the fact that f{0,x,v) G 
L2(t3 X m.^) and go,h £ L'^{[0,T] X T^ X R^). This completes the proof of Lemma ET) ■ 



Remark 5.1. The idea of the proof of Lemma \5.1\ has been used in that of Lemma J^.2 of\ 
which is devoted to the sm,oothing effects for classical solutions of the full Landau equation. 
We point out that we actually proved Lemma 15. Jl in the case s = 1 there. 

Now we start to prove Theorem 11.21 that gives the smoothing effect for the inhomogeneous 
Boltzmann equation (jl.ip . We first note that if no confuse occurs, we omit the domains T^ 
and M^, which correspond to variables x and v respectively for simplicity, and we use the 
shorthand da = d^dS for any multi- indices a and /3 hereafter. 

In order to prove our main result, we shall use an induction on the number of derivatives 
(in variables x and v) that can be controlled. One step of this induction is given by 
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Proposition 5.1. Let N > 5 be a given integer, and let f be a smooth solution to the 
Boltzmann equation (jl.ip . For any I > 0, we set h = {d'j^f){v) with \a\ + |/3| < A^. We 
assume that for any T > and any I > 0, h £ L^([0,T]; L^ ^). Then we have that h £ 
Lri[T, T];HlJ for any time r € (0, T). 

We only prove the above proposition in the case 7+2s > 0, the proofs for the case 7+2s < 
are analogous if we use the estimates of this case in Theorem 12.11 Corollary 12.11 and Theorem 
13.11 instead of those of the case 7 + 2s > 0. We start the proof with improving regularity in 
X variable. 

5.2. Gain regularity in x variable. We note the domain of variable t should be [0, T] if 
we omit it hereafter. We present following 

Lemma 5.2. Let N > 5 be a given integer, and let f be a smooth solution to the Boltzmann 
equation (jl.ip . We suppose that for any T > and any I > 0, h £ Lf ^ ^^ and /i(0) G L'^^, 
where h is defined in Proposition \5.1[ We further suppose that (5?/)(u)' € L^(L^,j) for 
\a\ + |/3| < iV - 1. Then we have h G Lf{Ll^^) n Ll^{Hf,). 

Proof: Using Einstein's convention for repeated indices, we have that h satisfies the equation 
as follows: for |/3| =0, 

(5.70) dth + vV,h = [d^Q{f,f)]{v)\ 
and for |/3| > 1, 

(5.71) dth + v V^h = -/3,(a|+:;/)(t;)' + [d^Qif, /)](«)', 

where d = (1, 0, 0), 62 = (0, 1, 0) and 63 = (0, 0, 1). 

We only consider the case |/3| > 1, because the estimates for the case |/3| = are similar 
(and easier). Multiplying equation (j5.7ip by h, and then integrating on {t,x,v), we shall 
estimate the resulting equation term by term. 

It is easy to see that 

(5.72) [ [ f {dth)hdtdxdv = \(\\h{T)\\l, -\\hml, 
Jo Jt» Jr3 ^ ^ 

Since / is a spatially periodic function, we get that 

(5.73) / / / {v-Vxh)hdtdxdv = - v-( Vx{h^)dx] dtdv = 0. 

Jo JjS Jk3 2 Jq J^3 \Jj3 J 

Cauchy- Schwartz gives 

/V / -(3^{d';^::f){vyhdtdxdv <ii(5^"^::/)(^>'iil?_ii/^iil?_- 



(5.74) 
We write 



/ [ [d^Q{f,f)]{vyhdtdxdv= [ f {[d1Q{fJ)]{v)\h),dtdx 
Jf^ Jm? Jo Jt^ 

f {Q{f,h),h),dtdx+ [ [ {Q{f,d1f){v)'-Q{f,h),h),dtdx 
/o Jri Jo JT3 

+ r / E C^,Cl^{Q{dfJ,{dfJ-){v)'),hUtdx 

/3i+/32=/3 
l"ll + l,8ll>l 

+ r / E c:^c^p^{Q{d"0if,d"^-j){vy-Qid"^if,id''^-j){vy),hutdx 

Jo JT'^ ai+c.2=<y 
/3i+/52=/5 
l<»ll + l,8ll>l 

(5.75) t^ (Ji) + (J2) + (J3) + (J4). 
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Theorem 13.11 gives 

+ \\f{v)\^^\\Li\\h{vyM\HS^ 

where g < s. We remark here that the constant Cf is uniformly with respect to x variables 
due to the Proposition 3 of [5] and the assumption (jl.lSp . It is easy to get by interpolation 
and Young's inequality that 

(5.76) \\h{v)^\l.<e\\h{vf^\\j,s+C,\\h{vyn\l,, 
which implies 

(5.77) +||/(.)^-^^||L,-(^|(Lg))+C^.||/(^)l^l^^llL,-(Hj(L2)))IIM-)"lli.^,„, 

where we use Sobolev's embedding theorem and the inequality WgW^i ^ I|5'(''^)^IIl2- As for 
the term (J2), in the case s > ^, Corollarv 12.11 implies 

1(^2)1 < r [ \\f{v)''^\\Ll\mf){v)''^Hs\\Hv)'''\\Lldtdx. 
Jo JT3 

If we choose TVi = |/ + ^| + |^ + 2s- 1| +max{|/ - 2|, |/ - 1|}, N2 = 1 + ^ and N3 = ^ + 2s-l, 
we get by Sobolev's embedding theorem and Young's inequality that 

(5.78) \{J2)\<e\\h{v)i\\l, (^Hs) + C,\\f{vr^^YLriHHL^))\\f'{v)'''\\h ■ 

t,x\ V / t y X \ V J / t,x,v 

In the case s < ^ , we again use Corollary 12.11 to get 

1(^2)1 < r [ \\f{v)''^\\Ll\mf){vr^Hs\\h{v)'''\\Hsdtdx, 

Jo JT3 

where p < s. Taking Ni = \l + ^\ + \^\ + max{|/ -2\,\l - 1|}, N2 = I + ^ and N3 = \, we 

obtain by using (j5.76p that 

(5.79) 

To deal with the term (J3), we shall consider two cases. In the case 1 < |ai| + |/3i| < [-g-] 
(for r E M, [r] denotes the maximum integer which is less than or equal to r), we have 
|qi| + |/3i| + 2 < TV - 1 and |a2| + \^2\ < iV - 1. Then Theorem O gives 

^ ^ {Q{dfJ,(dfJ)l,v)'),h).Atdx 

< ll(9|,V)(-)^^+^k^j.s)ll(5|,V)(^)'+^i..,(^.)IIM-)^i..^(H5), 

where we take A^i = |^ + 2s| + |^|, N2 = ^ + 2s, N3 = ^. And Young's inequality gives 

(5.80) |(J3)| < 4h{v)^\l.^^^^.^ + cMd-,if){v)^^~'YLriHiiL^^^^^^^^^^ 

In the case |ai| + |/3i| > [-g-] + li ^^ see \a2\ + |/32| +2 + s<A^ — 1. Again by Theorem 12. H 

^{Qid'^lf,id'^'^f){vy),h),dtdx 

where we take A''! = |^ + 2s| + |^|, A'2 = ^ + 2s, A3 = ^. And Young's inequality gives 
(5.81) |(J3)| < ^IIM->"lli.jH5) + C'e||(5-/)(^)^^+^|li.^ J|(5-/)(^>'-^^^lli^(H|(H,))- 
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Similarly, using Corollarv l2.1l we can bound ( J4) by the quantities which have been controlled 

and e||/i(t;) 2 11^2 (fjs) if we study the case 1 < |ai| + |/3i| < [-5-] and the case |ai| + |/?i| > 

[y] + 1 respectively. 

If we choose e appeared small enough and collect all the above estimates, we arrive at 
h G Lt°{Ll^^) n Ll^{H^). This ends up the proof. ■ 

Now we begin to improve the regularity in x variable. We have 

Lemma 5.3. Let N > 5 be a given integer, and let f be a smooth solution to the Boltzmann 
equation (II. ip . We suppose that for any T > and any / > 0, /i G Lf^(L^,^) and /i(0) G L'^^^, 

where h is defined in Proposition \5.1[ Then we have h £ Ll^{H. 



4(4+s) - 



Proof: We still only consider the case \j3\ > 1. Recall that h satisfies the equation (j5.7ip . 
then we get 

d^h + vV^h = -/3,(9^+^^;/)(x;)'+ Y. C^,C^p^Q{dfJ,{dfJ){vY) 

/3l+/32=/3 

+ E C^.Cl,[QidfJ,dfJ){vf-Q{dfJ,{dfJ){v)') 

Pl+P2=P 

(5.82) t^ (Ki) + (K2) + (i^a). 

It is obvious that {Ki) G Lj^ ^. Theorem O gives (taking Ni = N2 = j + 2s, N3 = 0) 



'^IL._. < ll('/)"ify7AT+2'^IUJI('/9"2/-y„A7+2.+i| 



\\Qid^pif,id"p'j){vy)\\H-^ < mif){vr'-''\\Lim'j){v 



w 



< llf<9"ifV7;\T+2^+2|U,||f/)"2fy,AT+2^+'| 



rs_/ 



\\id'^^lf){vy^''n\Li\\idfj){v 



H" 



Then in the case |ai| + |/3i| < [y] , one has |ai| + |/3i| + 2 < A^ — 1, so that 

while in the case |ai| + |/3i| > [-j-] + Ij one has \a2\ + |/32| +2 + s<A^ — 1, so that 

We thus obtain that {K2) G Lf,j.{H^'^) by Lemma \U72\ In the case s > ^, Corollary 12.11 gives 
(taking A^i = |/ - 1 + 7 + 2s| + max{|/ - 2|, |/ - 1|}, iVz = / - 1 + 7 + 2s and A^s = 0) 

IIQ(5|,V,5|^V)(^)'-Q(a|;/,(a|^V)(^)')llL? 

< \mif){v)'''-''\\Lim2f){v)'''\\HS- 

Considering the case |ai| + |/3i| < [-g-] ^^'^ the case |ai| + |/3i| > [-^-j + 1 respectively just as 
the estimates for {K2), we can deduce that (i^a) G Lj^^. While in the case s < 2, again by 
Corollarv 12.11 we get for p G (0, s), 

where we take A^i = |/ + 7I + max{|/ — 2|, |/ — 1|}, A'^2 = I + J and N^ = 0. Still considering 
the case |ai| + \j3i\ < [^j and the case |ai| + |/3i| > [y] + 1 respectively, we may obtain 
that {K3) G Ll.iH^") C Ll,{H-'). 

s 

Now we have that {Ki)+{K2)+{K3) G Ll^{H-') C Ll^{H-^), and hence /i G Ll^{H,^'-^+''' ) 
if we use Lemma 15.11 ■ 
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Roughly speaking, Lemma [5T3l shows that if /i € L^°{L'^^^), then h has a mA-s) derivative 
gain in x variable. The next step is to prove that h can still gain a ^(^,g) derivative in x 

variable, so that we can finally reach that h G L^°(HI{L'^)) if we repeat this step several 
times. To this end, we present following 

Lemma 5.4. We denote 5 = .//, \ for simplicity. Let N > 5 be a given integer, and let f 
be a smooth solution to the Boltzmann equation (II. ip . We suppose that for any T > and 
any I > 0, h G L'^{L'^ ^) H Lf .^{H^) and h{0) G LI{H^) where h is defined in Proposition \5.1[ 
Then we have gs,k G Lf,^, f^{H^) with gs^k = Afc/i|A;|~''~2 , k £ T^. 

Proof: We still only consider the case |/3| > 1. The equation for g^^i^. in this case reads: 

dtgs,k + V ■ VxQs^k 
'^kiff^f) 



-A 



|<5+J 



{v)' + Q{f{x + k),g5,k) 



+ 



Q (f{x + fc), ^""^^JP I {v)' - Qifix + k),gs,k) 

Ak{{d'^^'J){x)){v) 



+ E C^,ClQld^lf{x + k), 



/3l+/32=/5 
|ail + l/3ll>l 



\k\ 



5+^. 



+ E ^"i^i 



|ci| + l;3ll>l 



Q{d^^if{x+k), '\'^:: '' ]{vy 



-Qid'^lfix + k), 



\k\'+^ , 
A,{{d;-^f){x)){vy' 



+ E c:,ci^Q(^^;^,{d",^j){vy 



/3l+/32=/3 



+ E c'^-i^ 



/3i+/32=/3 



Q 






\k\ 



def 



(5.83) = (Li) + (L2) + {Lz) + (L4) + {L^) + (ie) + {Lj). 



Multiplying the above equation by gs^k^ then integrating on (t, x, v, k) in the domain [0, T] x 
T^ X W^ X T^. Similar to the estimates (j5T2|) - ([57i]) . we can get 



(5.84) 



T 



1 



idtg5,k)gs,kdtdxdvdk = - \\gs,k{T)\\^2 - ||55,fc(0)||^2 

Jf'-^ JR-^ JT'^ ^ x,v,k x,v,k 



(5.85) 



1 



{v ■Vr,gs,k)95,kdtdxdvdk = - / v-{ Vr,{gs ^)dx ] dtdvdk = 

JT3 ./R3 7x3 2 Jo Jr3 Jf3 \Jj3 



and 
(5.86) 



JT3 JR3 JttS 



(Li )gs^kdtdxdvdk 



< ll('/9"+^' 



IK^S/)(-)'ll.?.(i.|)ll^^.^ll^?_.- 
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If we do the estimates like those for (Ji) and (J2) in ()5.75p . we can use Theorem 13.11 and 
Corollary 12. II to get 

r-T _ _ _ 

{L2)gs,kdtdxdvdk 



JT^ JR^ JT3 



< 



l-2s\ 



\7+2||2s 



(c^/-^ii/(-)'^'^1iL^(Hi(L?)))ii5...(^)-iii.^^(H5) + (q-^i/H^^liiV(^i(^2)) 



(5.87) +\\f{vy+^^^^Hi(^)^ + a\\f{v) 



l7l+2| 



Hm(Li)))\\9sM^f'\\%^^^^ 



and in the case s>^ (taking iVi = |/ + ^| + |^ + 2s - 1| +max{|^ - 2\,\l - 1|}, N2 = I + 
andiVa = ^ + 2s-l), 



{L^)gs^kdtdxdvdk 



< 



JT3 JK.3 Jj3 



(5.88) 






while in the case s < ^ (taking Mi = |^ + o I + I 2I "I" m^i^lK ~ 2|, \l — 1|}, M2 = / + ^ and 



A^3 = i) 



< 



JT3 Jr3 JttS 
A/1+2 I 



{Ls)gs,kdtdxdvdk 



(5.89) 






We now turn to consider the term containing {L4). In the case 1 < |ai| + |/5i| < [y]j o^^^ 
has |ai| + |/3i| + 2 < N - 1 and \a2\ + |/32| < iV - 1, so that Theorem ETl] gives (taking 

Ni = \^ + 2s\ + m,N2 = ^ + 2s and A^s = ?) 



2 ^ '^1 ^ I 2 I' 



< 



iT3 JM3 Jj3 



{L4)gs^kdtdxdvdk 



mimvY'^h-^Li) 



^k{dp) 



\k\ 



5+4 



{v) 



1+N2 



LLjI^v) 



95,k{v) '||l2 IHi) 



< 



l + N2\ 



\^3| 



ll(5|;/)(.)^^^-^1lx,c„(H|(LS))ll(5|,V)(t^)'^^^^ll,?(H.(H,))lb.,.H"^llLt,,(^S^ 



(5.90)< ^lb,.(.)^|li.^^^(^,) + CJ(5-/)(.)^^+2||i.(^.(,.))||(a-/)(.)'+^^ 

In the case |ai| + |/3i| > [f ] +1, one has |a2| + |/32| + 2 + (5 + s<iV. Again by TheoremO 
(taking iVi = 1^ + 2s| + 1^1, ATa = ^ + 2s and N3 



'3 = i), 



T 

/O ./T3 JR3 7^3 



{L/ijgs^kdtdxdvdk 



\mif){v) 



KJLl) 



l;.|5+| ^^ 



< ll(5|;/)(^>^^^-^^llx?(,,.(.?))ll(9,-/)(^;>'+^^||^.(^2+.(^.))||5.,.(^;> 



\A^i+2| 



\l+N2 I 
viVi+2||2 



N3\ 



t.x.k^ ^-' 



5))II(5^2/)H'^^'II!-(h2+^(//5))- 



(5.91^ e||55,fc(^')^|li2^_^(H^) +^e||(a|;/)(^) ULHm^Ll^ 

We point out that the estimates for f^ J^g J^^ j^.i{Li)gs.kdtdxdvdk (i = 5, 6, 7) are similar to 
those for Jq /^a Jj^s Jja{L4^)gs^kdtdxdvdk, so we omit them. 
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Therefore, if we notice /i(0) G Ll{H^) and h £ ^^^{H^) imply gs,k{0) ^ Ll^^^ and 
gs,k G ^'ixvk'' ^^ finally get g^^k £ Lf^ ki^v) by choosing e appeared in the above estimates 
sufficiently small. This completes the proof of Lemma [57 



The following lemma shows that h can gain another .,^ ^ derivative in x variable based 
on Lemma 15.31 



Lemma 5.5. Let N > 5 be a given integer, and let f be a smooth solution to the Boltzmann 
equation (jl.ip . We suppose that for any T > and any I > 0, h £ L'^{L'^ ^) n L^^{H^) and 
/i(0) G LI{H^) where h is defined in Proposition ] 5. 11 S 



4^u^,g\ ■ Then we have h G Lf^^{H'^^). 



Proof: Thanks to the fact 



25 1 



T3 



^(m)|dfc = C|m|^*|/i(m)| 



we know that in order to get h G Lf^^{H'^^), we can equivalently prove gs^k G Lf^ ki^x)- We 
still only consider the case |/3| > 1. The equation for gs^k can be rewritten as: 



dtg5,k + V ■ '^xgs,k 









/3i+/32=/3 



/ Ak{d'^'f{x))\ , 



1^+1 



-Qld'^lf{x + k), 



Ak{{dfJ){x)){v) 
\l.\S+% 






/3l+/32=/3 



+ E ^-1^^' 



/3l+/32=/3 



Q 



^^•(^1.^/) ....^..W .r^^(^ll/) 



|A:|^+I ' ^^ 



^8,^ (t')'-Q 



|<5+l 



,(5|2'/)(^) 



.def 



(5.92)= (Ml) + (Ma) + (M3) + (M4) + (M5). 

It is easy to see that (Mi) G Ll^^^^k- Theorem O gives (taking Ni = N2 = -f + 2s, N3 = 0) 

A,{{d^^-j){x)){vy^ 



< 



Qid'^lfix + k), 
\ 

\\{d-^if)[x+k){vr+'^+'\ 



iS+i 



H,, 



LI 



^^WJ){-)) ,^,,^,sM 



\&+i 



-{vY 



H'^ 



Then in the case |ai| + \j3i\ < [^j > on has |ai| + |/3i| +2 < A^ — 1, so that 

A,{{d'^^-J){x)){vf 



Q\d'^lf{x + k), 



l^+l 



< 



ii(5|;/)(^: 



,7+2s+2| 



7+2s+n 



^mim)m!f)ivr^'''-%um(H,)) 
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while in the case |ai| + |/3i| > [-^-j + 1, one has \a2\ + |/32| +2 + 6 + s<N,so that 



"2 f\t^\\/„Al' 



At((8g/)(i)){^ 



Q[a-;;n.+ki 1^1^^ 



2 



We thus obtain that (M2) G L^^ ki-^v^) by Lemma [5^ Analogously, we can get (M3), (M4), 
(M5) S Lf^i^{H^^). We now know that the right-hand side of equation (j5.92p belongs to 
^tx k(^v^)j s-'^d then we conclude gs^k ^ I^lv ki-^x) thanks to Lemma [STTl ■ 

Applying Lemmas EJ and [531 we get h G L'^{[0,T];LI{H^J) with 6 = 4^^- Then for 

any t* G (0,T), we can find some time ti G (0,t*) such that /i(ti) G L1{H^). So we can use 
Lemmas 15.41 and 15.51 to obtain h G L^([ti,T]; L^(iir^'^)). As a consequence, we can find some 
time ^2 G (ii,t*) such that /i(t2) G Ll{H^ ). If we repeat this procedure (by using Lemmas 
15.41 and l5.5p m — 1 times such that m6 > 1, we obtain h G L'^{[tm-i,T];Ll{Hl)) for some 
time tm-i G (tm-2,^*); and we can find some time tm G {tm-i,t*) such that h{tm) G L'^{H]^). 
Therefore, thanks to LemmaEH we finally get h G L°°{[t^,T];Ll{H]^)). 



5.3. Gain regularity in v variable. In this subsection we shall improve regularity in v 
variable. We begin with 

Lemma 5.6. Let N > 5 be a given integer, and let f be a smooth solution to the Boltzmann 
equation (II. ip . We suppose that for any T > and any I > 0, h £ Lf'{H].{Ll)) n Lf,^{H^) 
and h{0) G L'^{H^) where h is defined in Proposition \5. 1[ Then we have h G L'^{L'^{H^)) n 
Lt,x{Hv^)- 

Proof: Let r^ be the translation operator in the v variable by u, then one has 

Tuf{t, X, V) = f{t, X,V + U) - f{t, X, V). 

We denote the finite difference of / in the v variable by 

(5.93) A„/(t, X, v) = Tuf{t, X, v) - f{t, X, v). 

3 

If we define gs^u{t,x,v) = Auh{t,x,v)\u\~''^~2, then we know that in order to get h G 
LT{Ll{Hl)) n Ll^iH^'), we can equivalent^ prove gs,u G L^iL^^^J n Ll^,uiH^)- Since 
h G Lf^{H].{Ll)) n L^^{Hy), we can restrict the integral domain of variable u to Bi = {n G 
M^ : \u\ < 1}. 

We still only consider the case |/3| > 1. Firstly, for any function p(v) and q{v), one has 

^uipiv)q{v)) = p{v + u)Auq{v) +p{v)Auq{v). 

Secondly, the translation invariance of the collision operator with respect to the variable v 
gives that (see [28] for instance) 

TuQif,g) = Q{Tuf,Tug). 
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Applying these two equalities, we get the equation for Qs „ as follows: 



dt9s,u + V ■ Vx.5s,« 

-u ■ VMv + u)\uf'i - ft [(a|+:;/)(t; + u) 



Auiv)' 






-ft 






{vy+[d'^Q{f{v + u)J{v + u))] 



AuivY 






+ 



dWifiv + u) 



\ur^2 



{vy + 



dsQ ^J 



\U\ ' 2 



{vy 



(5.94) 



def 



(Pi) + {P2) + (P3) + (P4) + (P5) + (Pe). 



Multiplying the above equation by gs,u, then integrating on (t, x, t;, n) in the domain [0, T] x 
T^ X R^ X Bi. Similar to the estimates ([5^2]) and (|5T3]) . we yield 



(5.95) 



and 
(5.96) 



JT3 JR3 JBi 



{dtgs,u)gs,udtdxdvdu = ^ ( ||5s,„(r)|||2 



I5.,40)|li2 



{v ■Vxgs,u)gs,udtdxdvdu = - / v-i V n,{glu)dx] dtdvdu = {). 

^ Jo Jr^ Jmi \Jt3 J 



'0 JT3 

Cauchy-Schwartz inequality gives 

r-T _ _ _ 

(Pi )gs^udtdxdvdu 



JT3 JR3 JBi 



/o Jt^ VVbi " ' 



(5.97) 



We have that 



< 



\r2 (f{'^)\\9s,u\\L'} 



(5.98) |A„(^;)'| = \{v + uY- {vY\ < {v + euy-'de\u\ < {v + u)'-^!, 

Jo 

where the last inequality holds due to the fact |u| < 1. Then, 

{P2)gs,udtdxdvdu 

Jo Jt^ Jm.^ JMj 

f-T f / f 

< 



f f ( f |nr^-^||(5|+:;/)(« + u)(t; + n)'-i||^2||5.,„||i2dn')dtdx 
Jt^ \Jmi J 



(5.99) < m^jM-'\^^^^j9sAvi,^,^,, 

Again by Cauchy-Schwartz inequality, we get 



(5.100) 



T 

Jr^i 



{P-i)gs,udtdxdvdu 



^ii^?:;/ii^L(^5)ii5^."(-)'ii^L_- 
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We now turn to treat the term J^ Jj-^ J^s J^ [P^)gs^udtdxdvdu. We write 



iP5 



Qifiv + n),g,,u) -Q\f{v + u), {dp){v + u)- 



IS + - 



+ 



( AJd'Sf)\ , ( AJd^f){vY^ 






+ E C^^Cl^Q UdfJ){v + u\ 

oc'^-\-Oi.'2^(y. y 



Au{{dfj){vYy 



kir^2 



|ail + l/3ll>l 






/3l+/32=/3 



+ E ^«"< 



/3i+;32=/3 
l<ill + l/9lt>l 



Q\{dfJ){v^u\ 



ur^2 



mr^2 



(t;)' 



Q (5|,V)(^' + ^), 



Mr^2 



def 



(5.101) = (P5)l + (i^5)2 + (^5)3 + (n)4 + (^5)5 + (^5)6- 

Applying Theorem 13. H we get 



T 



JT3 Jus 



iP5)igs,udtdxdvdu 



< 



(C/-6||/(.)l^l+1|,»(H2(L2)))||5.,.(.>.||i2_(^,)+(C;-||/(.) 



l-2s| 



\7+2||2s 



(5.102) +||/(z.)^+1|^,^(H2(L2))+C,||/(.)l^l+^||^c.(^.(,.)))|b.,„(.)^||i.^^^^^. 

Remembering |u| < 1, We then get by Theorem 12.11 and ()5.98p that 

{P5)2gs,udtdxdvdu 



1 

JT'^ 



(5.iqg) e\\gs,u{vy^\\% ^Hs) + Ce\\f{v) 



|2+2.| + |2|+2||2 



^Hl{Ll))\mf)^^^ 



«-l+^+2s||2 



^KA^iY 



As for the terms /q /i-s /ir3 /^ {P5)igs,udtdxdvdu {i = 3,4), we claim that we can bound 
them by the quantities which have been controlled and ell^s ^(t;) 2 11^2 frj^-,- The proof is 

very close to the estimates for the terms Jq J^3 J^^ fjs{Li)gs^kdtdxdvdk [i = 3,4) in Lemma 

5.41 so we omit it. And we can analogously bound the terms /q J^a /jga j^ [P^) jgs^udtdxdvdu 

for j = 5, 6. The estimates for J^ j",|j,3 J^^ J^ {Pkjgg^udtdxdvdu {k = 4, 6) are similar. 

Therefore, the lemma is proved by taking e appeared small enough. ■ 



We now finish the proof of Proposition 15. li According to the result of Subsection 15.21 
one has for any t* G (0,r), h £ L°^{[U,T];LI{HI)) n L'^{[U,T]-LI{H'^)). Then we can 
find some time ri G (t*,T") such that /i(ti) G L'^(H^). Thanks to Lemma [5.61 we get h G 
L°°{[Ti,T];Ll{Hf,)) n L'^{[ti,T];LI{H^^)). As a consequence, we can find some time T2 G 
(tijt) such that /i(t2) G L'^{H^'^)). Repeating this procedure (by using Lemma \5^ m times 



such that ms > 1, we finally obtain h G L°°{[Tm,T]; LI{HI)) D L'^{[t^,T]; LliHiT >')) (for 
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some time r^ G (rm-i,T)), which imphes h £ L°°{[t,T]; L'^{H^)). Since we already have 
h € L°°([r, r];L^(if^)), Proposition 15.11 is therefore proven. ■ 

5.4. Proof of Theorem 11.21 We now end up the proof of Theorem 11.21 By applying 
Proposition 15.11 repeatedlv. we get that for any / > and any < r < T < +oo, 

(5.104) f{vyGL^i[T,T];H^J. 
We claim that for any nonnegative integer n, 

(5.105) {d^f){vyeL^{[r,T];H^,). 

We shall prove this by induction on n. Thanks to (j5.104p . this is true for n = 0. If we assume 
that (|5.105p holds for any integer k < n, then for any I > and any multi-indices a and /?, 



E E c^.cic^Md'^^idrf, diidr'^f){vY 






It is obvious from the induction hypothesis that (-Ri) G L°°{[t, T]; L^ ^). For any nonnegative 
function W G L-'^([t, T]; L^ ^), we shall consider the quantity 



{Q{U,V){vY,W),, 
where we set U = da^d^^f and V = 9^^ 9"~™/ for simplicity. We write 

{Q{U,V){vy,W), 

dvdv, I B{v - v^,a)U^V{W' {v')^ -W{vf)da 



dvdv, / B{v - v„a)U,{V'W'{v'y - VW{vy)da 
+ / dvdv, I B{v-v^,a)U^W'{V{vf -V'{v'f)da 
+ f dvdv^ I B{v - v^,a)U^V'W'{{v'f - {vf)da 

dvdv, f B{v - v„a)U,W'iV - V'){{v'y - {vy)da 



(5.106) =^ {Si) + iS2) + {Ss) + {Si). 

We only give the estimates for {S2), and those for (Si), {Ss) and (^4) are analogous. Applying 
Taylor expansion formula up to order 2, we get 

V{vy - V'iv'y = {v- v') ■ VviV'iv'y) + f (v-v')^{v- v') : Vl{V{-i{t^)){-i{t^)Y)dK, 

Jo 

where j{k) = nv' + (1 — k,)v. If we change the variables from v to v' , and then use (|2.36p . we 
deduce that 

(5.107) / dvdv^ I B{v - v^,a)U^W'{v - v') ■ V^{V'{v'Y)do = 0. 
So we only need to study the term 

dn I dvdv^ I B{v - v^,(j)U^W'{v - v') (^ {v - v') : Vl{Vij{K)){j{K)y)da=\Y). 
Jr^ js2 
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Thanks to the fact |t; — u'p = \v — u^psin^ ^, we get by Cauchy-Schwartz inequahty that 

Km 

< (/ dvdv^ I B{v-v^,a)\v-v,\-^U,W''^sm^ya'^ 

X ( / dK [ dvdv^ [ B{v - v^,a)\v - v^\^+^U^\Vl{V{"/{K)){-f{K)y)f sm^ ^da 

Changing the variables from v to t;', we get from (|2.26p with k = 1 that 

2L 



(n)</ e^-'^d^/ U.W"dv'dv.<\\U{vY\\L2\\W\\i,. 
Jo Jm6 

Similarly, changing the variables from v to j{k) = u, we get from (|2.26p that 

TT 

(^2)< f'e^'^'de f U,\u-v,\''^^^\Vl{Viu){uy)\^dudv,. 
Jo Jro 

Noticing 7 + 2s > — 1 implies 4 + 27 > —2, we get in the case 4 + 2j > 0, 

iY2)<\\u{vr'''h.\\v{vr'-^'^\\i., 

while in the case —2 < 4 + 27 < 0, 

iY2) < I U,{l + \u~vA''+^^l\,_,^\^^)\Vl{V{u){uY)\''dudv, 

< m\\Ll + \\U\\L^)\\y{vY\\Hl < \\U{vf\\Hl\\V{vY\\H2. 

Then we arrive at 

(5.108) |(y)| < {\\U{vf^^^U. + \\U{vnHi)\\V{vy^'^^^\\n^jWU., 

which together with the induction hypothesis implies (S'2) G L°°([t, T]; L^. „). We now con- 
clude that (|5.105p holds true, that is, for any / > and any < r < T < +cxd, 

We point out Theorem 1 of [37] shows that for any / > and any integer N > 5, f{v) £ 
L°°{[0,+oo);H^^) as long as 11-^0(^)^11/^^^ < rjo for some rjo > 0. Then it is easy to check 
that our estimates established up to now can be made independent on the time T, so that 
we actually obtain 

/(t;)'GT^-'-([T,oo);F-). 
This completes the proof of Theorem 11.21 ■ 

Remark 5.2. We note that for the purpose of having a completely rigorous proof of Theorem 
\1.2l all the estimates in the proof should actually be made on a version of the Boltzmann 
equation (jl.ip with smooth data and then extended to the solution under consideration by a 
passage to the limit. This creates no difficulty. 

6. Appendix 

In this appendix, we give the proof to the following proposition: 

Proposition 6.1. Suppose 7 > and < s < 1. Then for any R > 1 and any smooth 
function XR defined as XR — x{^) with 0<x^l)X = l on Bi and supp (x) C B2, there 
holds 

Hs(ul) ^ \\fXR\\H.(^Kl)+R'^\\f{v)^\\Hs(M.l) + \\f{vyM\mRl) 
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Proof: We first recall that for < s < 1 and smooth function (p, there hold 
and 

ll/llif-{R3) ^ \\f^R\\H-{Ri) + 11/(1 - Xij)lli/s(R3) + ||/||l2(k3). 

We also note that 

\f<P{v) - f<f>{w)\ = \(t>{v){f{v) - f{w)) + fiw){cPiv) - ct>iw))\. 
Then on the one hand, one may deduce that 

+I|v<^||i^||/Ili., 

which implies that 

\\fil-XR)\\% < \\f{l-XR)\\h+ [ ^^^''^~i}ZT \{l-XR)\'hv~M<idvdw 

J^b \V — W\ 



1 

R 

On the other hand, one has 



109) +i5l|Vx||ioo||/||i.. 



2 > 1 /■ LM-/HPu, ,,2-, , , 

\f{w)fll^_^l<idvdw. 



|3+2s 



Observing that 



one may obtain that 



\v — wi 



2l, , ,, < U, _,„|2/,„\7-2 



\{v)2 - (w) 2 |n|^_^|<i <\v- w\^{w) 



(6.110) Wfivf^f >\f \ip-J^{vVl^^_^^^,dvdw - \\f{v)l-'\\l2- 

" 2 hg>6 \V — Wr^"^'^ 



Thanks to the fact 



|i-xrI ^ ^' 



()6.109p and ()6.110p will lead to the proposition. ■ 
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